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Abstract. Based on the extended finite element method (XFEM), the problem of 

interface crack propagation in two-dimensional piezoelectric materials under impact 

loading is analyzed. By embedding the enrichment techniques as well as the 

partition of unity method (PUM) into the standard finite element approximation 

spaces, discontinuity problems can be fully processed. The major difference 

between the XFEM and the conventional finite element method (CFEM) is that the 

mesh in XFEM is independent of the internal geometry and physical interfaces, 

therefore there is no meshing and re-meshing difficulty in discontinuous problems. 

In this work, the stress and electrical displacement fields around a crack are analyzed. 

By using the interaction integral method, the fracture parameters, consisting of the 

stress intensity factors and the electrical displacement intensity factor, are evaluated. 

The influences of the geometric dimensions and external loads on the field intensity 

factors are discussed. In addition, the crack propagation problem is studied. The 

distribution of stress and electric field around the crack is given, and the influence 

of impact loading on the crack extension is emphatically discussed. To assess the 

accuracy of the proposed approach, the results obtained are compared with the 

analytical solutions, and consistent results were obtained. 

Keywords. Extended finite element method, field intensity factor, piezoelectric 

materials, impact load, crack propagation 

1. Introduction 

The fracture and failure issues of piezoelectric materials have attracted widespread 

attention in the academic community since the publication of Parton's work [1-2] and 

significant achievements have been made in various aspects, including constitutive 

theory, numerical simulation, and experimental determination of piezoelectric materials 

[3-9]. The major research efforts have been summarized in several recently published 

review articles [10-11]. Due to the complexity of the issues, there are still many crucial 

problems to be further investigated in this research field. For instance, in order to 

simplify the derivation process, it is generally assumed that cracks are electrically 

impermeable, whereas cracks in practical engineering materials often contain air or 

vacuum inside. Although the dielectric coefficient is very small, the normal electric 

displacement component induced inside the crack cannot be completely neglected. 

Secondly, due to the difficulty in model simplification and mathematical solution for 
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planar problems, the current research on the Type I crack of piezoelectric materials is 

relatively limited. In addition, most of the existing research focuses on single loading 

and static fracture issues. In fact, piezoelectric devices usually operate under complex 

loading environments of multi-field coupling or dynamic fields, such as mechanical, 

electrical, thermal, and magnetic fields. Therefore, further research is needed on dynamic 

fracture issues under complex loading conditions. 

Most fracture problems in piezoelectric materials are analyzed with the aid of 

numerical methods. Boundary element method (BEM) is particularly suitable for crack 

problems but is not able to directly handle the geometrically identical crack surfaces. In 

addition, the finite element method (FEM) can be applied to solve crack problems in 

piezoelectric materials, but the remeshing in crack propagation simulation is a 

cumbersome task indeed. Furthermore, the boundary element-free method and many 

other methods have also been introduced. In recent years, the extended finite element 

method (XFEM) has been successfully developed and applied to solve many 

discontinuity problems in a wide range of engineering applications. The major difference 

between the XFEM and the conventional finite element method (CFEM) is that the mesh 

in XFEM is independent of the internal geometry and physical interfaces, thus 

overcoming meshing and re-meshing difficulties in discontinuous problems can be 

overcome.  

In this work, based on the extended finite element method (XFEM), the problem of 

an interface crack in two-dimensional piezoelectric materials under impact loading is 

analyzed. 

2. Basic theory 

The basis of XFEM is partition of unity method (PUM). The basic idea of PUM is that 

any function )(x� can be expressed a set of local function )()(N xxI � in domain: 
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Here, meet the partition of unity )(,1)( xxNI �� is enriched functions.  

XFEM extends the piecewise polynomial function space of conventional finite 

element methods with extra functions: 
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where, Iu is the nodal DOF for conventional shape functions, )(xH is heaviside 

distribution, Ia is nodal enriched DOF (jump discontinuity) , )(xF� is crack tip 

asymptotic functions,
�
Ib is the nodal DOF for crack tip enrichment .The crack is located 

using the level set method. 
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Here x is an integration point, x* is the closest point to x on the crack face and n is 

the unit normal at x*.  
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The approximation of the displacement field in XFEM for interface crack takes the 

following form: 
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It is important to note that Ninterface is the node set determined by the interface. The 

enrichment functions is takes the form of: 
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Similarly, the approximation of the electric potential field takes the following form: 
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Normalized stress intensity factors and time are as follows: 

�

������

33

033

33*

0

*

0

* ,

Cc        ,
h
tcT                  

a
K

h
eK   ,

a
KK   

a
KK

L
L

IV
IV

I
II

I
I

��

���

 (7) 

L. Zhang and R. Zhang / Analysis of an Interface Crack 125



3. Model and method 

The calculation model is shown in Figure 1. Here. H=40mm,2a=4.8mm. Mater.1 is PTZ-

5H, Mater.2 is PTZ-6B. The plate is poled along y-direction. The mechanical load and 

electric displacement load act on the upper and lower surfaces. Where,

)(/),()( 33330 tehDtHt yyy ����� ���
. 

 

Figure 1. Model geometry and its notations for an interface crack in piezoelectric bimaterials. 

4. Numerical evaluation results 

The extended finite element mesh for interface crack is shown in Figure 2. It is easy to 

see that the crack cuts through mesh elements and there are not a lot of elements around 

the crack. 

 

Figure 2. Meshing of interface crack. 

Figure 3 and Figure 4 further present the stress and electric displacement fields for 

a horizontal subinterface crack in PZT-5H/PZT-6B subject to the electromechanical 

loading. The influence and the difference of bimaterials are clearly seen from these plots 

for subinterface crack problems. 
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Figure 3. Normalized stress plots. 

  

Figure 4. Normalized electric displacement. 

In Figure 5, IFs are calculated for different inclination angles of the crack using 

XFEM. The normalized results of IFs obtained using XFEM closely follow the results 

of BEM. 

 

Figure 5. Variations of normalized IFs versus α. 

Figure 6 depicts the variation of normalized IFs (KI*, KII* and KIV*) with respect 

to inclination angle α, for the five cases of electromechanical loadings(λ=0,1,2,3,4). The 

results show that normalized IFs KI* and KII* are almost independent of the electrical 

loadings. Whereas the normalized electric displacement intensity factor KIV* depends 
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upon the electrical loading and it increases with an increase in electric displacement 

loadings. It may also be noted that IFs converge for larger value of inclination angle. 

 

 Figure 6. Variations of normalized IFs versus α (for different electromechanical loadings). 

Figure 7 shows that normalized IFs KI*, KII* and KIV* increase with respect to 

increase in crack length. It is seen that the difference in normalized IFs with respect to 

crack length also depend upon the inclination angle. In case of normalized KI*, this 

difference decreases with respect to the increase in inclination angle. But the difference 

increases with increase in inclination angle in case of normalized KII*. The variation of 

normalized KIV* with respect to crack length is same as in case of normalized KI*.  

  

Figure 7. Normalized IFs (KI*, KII*and KIV*) respect to α for different crack lengths. 

It concludes that: 

� The results of XEFM are found in good agreement with BEM solutions. 

� The peak values of dynamic stress intensity factor decreases as the electrical 

load increases. It means that the positive electric field assists the occurring of 

fracture, while the negative electric field retards the fracture. 

� The value of dynamic stress intensity factor is not equal to zero when t=0. It 

relates to the strength of electric shock. While, the elastic wave caused by 

mechanical force shock need some time to influence crack. 

5. Conclusions 

We have successfully applied the XFEM and the level set method to solution interface 

crack with impact loading problems. It is shown that the XFEM exhibits an excellent 

performance and more convenience compared to other existing methods in dealing with 
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crack. The XEFM has the following advantages: the computational grid is independent 

of the crack; do not need to set the singular element; have higher accuracy and good 

results can be obtained with less and coarser elements. 
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