20

Machine Learning and Intelligent Systems

J.-L. Kim (Ed.)

© 2024 The Authors.

This article is published online with Open Access by 10S Press and distributed under the terms
of the Creative Commons Attribution Non-Commercial License 4.0 (CC BY-NC 4.0).
doi:10.3233/FAIA241210

Existence of Solutions for ,-Hilfer
Fractional Differential Inclusions with
Multi-Point Boundary Conditions

Dandan YANG!
School of Mathematical Science, Huaiyin Normal University, Huaian
Jiangsu 223300, China
ORCiD ID: Dandan Yang, https://orcid.org/0000-0002-8056-6973

Abstract: In this paper, we investigate the following problem
Hpyés ms v Hyy s v
D% " V(D ™ Y E (s) ) e L(s,&(5)),

S@)=0,¢ (B= ia),g(el.), seS=[a,p],

HD%; ms '//’ HD¢2+’ My Y v —
a a denote the Hilfer fractional

¢17 ¢2 E(O,l) ’

where

derivative  of  order ¢1’ ¢2 respectively.

ny 1,€0D , weR L

is a multivalued map on

X
[a’ﬂ ] R By means of the multi-valued fixed point theorems, sufficient

conditions for the existence of solutions for the Y- Hilfer fractional differential
inclusions with multi-point boundary conditions are presented. We give an
example to show the effectiveness of the main theorem.
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1. Introduction

Fractional calculus is a hot research field because of its wide and useful applications in
real worlds, such that physics, fluid dynamics, engineering, electromagnetism,

chemistry, and so on [1].

1 Corresponding author: ydd@hytc.edu.cn
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Recently, some attention has been focused on the generalized fractional derivative
with respect to another function Y . Almeida in [2] first introduced Y — Caputo
fractional derivative. Tayloy's Theorem, Fermat's Theorem, semigroup law, etc. were
studied. From then on, lots of definitions of that kind with respect to another function
i have been proposed. In 2019, ¥ — Riesz-Caputo derivative was defined by Yang
and Bai in [3]. The authors studied the following problem involving i — Riesz-Caputo

derivative:

RCDZ; V(E(s)) e L(s,E(5)), £ (a)+E (B =0, E(a)+E(S)=0.

Where a < B1<q<2,weC’([a,B]),w'(s)>0.The existence of solutions

results were presented. In 2018, Sousa and Oliveira gave a new definition of the  —

Hilfer factional derivative in [4]. The convergence properties and some results
concerning fractional calculus were investigated. The key advantage of using the ¥ —

Hilfer fractional derivative to construct a model is that multiple differential operators
can be used by appropriately selecting the parameter values and the function i [5].

In [6], Elkhateeb and Latha Maheswari et al. considered the following problem:

HDz‘; s '/’(Hfo; mVE(s)+m (E(s) ) )

=n(s,&(s), & (A9),"DE 7 V& (), M

E(a)=0, £ (P=Y 00,

where HDZL v HDZZL " ¥ denote the y — Hilfer fractional derivative of order

@y P, respectively. ¢, & >a, ¢, ¢, acOD , n, n, Le[0l],

+
@ R, Hl ela,b), m,n are continuous functions on a Banach space. The

authors presented some results about existence of solutions.
Motivated by [6], we study the following Y ~ Hilfer fractional differential

inclusions:

D% V(DR TV E (5) ) e L(s,E(s)),



22 D. Yang / Existence of Solutions for 1-Hilfer Fractional Differential Inclusions

£ (D=0.¢ (H=2 050). seS =[a.f) o

where HDZL v, HDZ{ " ¥ denote the W — Hilfer fractional derivative of order

Gy @, respectively. g, @, €O,D 7, 17,€0,D @ eR" L is a multivalued

map on [e, B1x R It is noticed that we generalize the single value result to the

multivalued one. Three sufficient conditions for the existence of solutions are given.

In order to cover the gap that there were few papers concerningw " Hilfer fractional
differential inclusions, we are willing to do our research.

2. Preliminaries

First of all, we recall some preliminaries about fractional calculus [1]and multi-valued
maps [7-8].

Definition 1. Let ge(n—1,n),and neN, $ if geln—-1,n), a<p,

a feR and h,y e C"([a, B, R), Ww(s) is increasing and ¥'(s) =0,

for all s€[a,fF], then the VW — Hilfer fractional derivative HDZ; Y , of
order ¢ ofa function / and type 0<7<1 isdefined

ds

HDi; n; '//h(s) — ]a+77(”*¢)a|//( :
y'(s)

)n ](1:77)("*¢)J//h(s)’ 3)

a

where N =[¢@]+1, [@]is the integer part of the real number [¢].

Lemma 1. Let P€C([@,BLR),0<¢, ¢, <1, 0<n, n,<l, @ eR*,

6.eCa,P),y,=¢+n,(0-¢@),a>0and ®#0, then the solution of the
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following problem

ID% V(DY T VE (s) ) =h(s)

E(@=0 & (P=3 00)
E @

satisfies the equation

h+dr-1 m
( ):]ﬁjt/ﬁz;wh (w(s) -y () 4I¢1++¢2;Wh 6. _1¢1++¢22Wh A
¢ (s)=1] (s)+ T +4,) [;a) o G)-1] (A]

where

S GB @)t @) vyt
L(y,+¢,) = I'(y,+¢,)

Proof. Taking "= 0, in Lemma 7 in [6], we get the result immediately.
Lemma 2.[7] Assume that (Y, d)is a complete metric space. Suppose that
M:Y —-P,(Y) isa contraction, then FixM # ®.

Lemma 3. [8] Let A be a Banach space, B a closed convex subset of A, and

OcE an open subset of B with 0€E. If H:E—P  (B) is a upper
semicontinuous compact map. Then either

(i) H has a fixed point in E ,or

(ii) there exists au € OF, and 71 € (0,D satistying u € nH (u).

3. Main results

3.1 The Lipschitz case

(A) L is compact multivalued maps on [, f]xR , such that for every
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[, B]1xR, L (e,

é:) is measurable.

(A,) For almost all s €[, ] such that

d(L(s,£), L(5,9) < p(s) | § =&, EEeR.

where p > 0, L-integrable and d(0, L(s,0)) < p(s). For convenience, denote

_WB)=w@)"™* | w(B) =y (@)t

L(¢ +¢, +1) L(y,+¢,)
x[fw @) -y@)"™*" WP -y(@)*™*
S T(g+¢,+)) C(g+¢,+1)

Theorem 1. Suppose that (Al) B (A2)' Then problem (2) has at leas a solution on S,
provided that

@| pli<l.

Proof. Denote the multivalued continuous operator 1 as follows, if 7 € Sp, &

S ! B ¢I+¢271
TE ()= {he(la fLR): h(s)=[ © (t)(wr(f;ﬁ +V;5(t)))

(t)dt

O @ 8 o YO e
L'(y, +¢,) (4 +¢,)

m

$i+d-1
Sof ‘””“”éf? +z/;(s>) (o))

We divide the proof into two parts.

Part 1. If U, oo €7(5) and U, >U (#—>0). Then U is a continuous

. . 1,8 e
function, and for each sela, pl, there exists " L& satisfying
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uy v OWE -y @)=y @)
() “ L'(¢ +¢,) ) L'(y,+¢,)

m 0, ' ) _ &+, -1
n) w(s)(wéfz +.,;()S)) s

m ' _ h+gr-1
_ Za’ Lﬂ 4 (S)(wlg(ﬂ; +v;(;)) ¢ (s)ds],

25

By L has compact values, there exists a subsequence {Tn} converging to

reL'(a, B, R). we have Un(S) 2 U(S). o ueT(E).

Part 2. Suppose that &<&  are continuous functions and h eT(S). There exists

7,(s)eL (s,&(s)

> then we have

hs)=[¥ OWS=ypO ", Wy
S Té | C(d+4)

m 0 ' ) — H+e,-1
X[Z o Lz 4 (S)(Wé?;,;) +z;;()s)) 7.(s)ds

m ' _ h+¢,-1
_wa Iﬂ W(S)(Wr(f; +tg(;)) 7. (s)ds]

Define the multivalued operator () by

Q(s)={l € R: | 7,(s) — U(s) [< p(s) | £(s) — E(5) |}

As the multivalued operator QHL(S’ £(5))-is measurable. Then there exits a

measurable selection 7,(s) such that 72 € L(s,5(s)), we get

17,(5) =7, (5) [ p(s) | E(5) — E(5) |-
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Define N,(t) as h;(t) replacing 7,(s) with 7,(5), and one has
Ih=hll< @|plll S-Sl

Interchanging & and ¢ yields

d(L(s,&),L(s,EN< @ | p|.

By the assumption inequality, T is a contraction. Thus, T has a fixed point that is a
solution to problem (2) by virtue of Lemma 2.

3.2. The Caratheodory case
(A3) L s Caratheodory multivalued map which has nonempty compact and

convex values On [05, ﬂ] xR ;

(Ay) 1 &0,00) —[0,00)

is a continuous nondecreasing function and lisa

positive integral function on [er, f]such that || L(s,&)||:=sup{| 7 |:

rel(s,9)i<1(s)5(l 1D, (s,9) €la, FIxR.

Theorem 2. Assume that (A4,) — (4, ) hold. If there exists a constant N>0, satisfying

N
_— >
5N @l

3

Proof. Consider the operator defined asT . All the assumptions of Lemma 3 are

satisfied concerning T,

Step 1. As SL,§ is convex, T is convex for each continuous function &.
. A>0, _ .
Step 2. For a positive let B, ={&eC([a,B,R):||E|I<A} bea

bounded ball, then for h e T(£),& €B,, there exists re SL’SZ’ forS € [, ],

we have
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_ h+oy _ H+d—1
s ap v @) ® | W)y (@)

| L(g+¢,+1D) L(y+¢,)

X[iw W (@) -y @)™ (B -y@)*™
S T(g+¢,+)) L(4 + ¢, +1)

-

Step 3. Let Sy S €la, B, and 51 <52 & eB,, where B, is a bounded set in

C(a, Bl R) forhET(éZ)oéeBAv we have

QM (s) =W ()" +y(sy) —w (@)™ —w(s) -y (@)
L(g+¢,+1)

| A(sy) = h(s,) [<

e WO -y (B -yt
o g rh e T Tgg e CUADIISO0G

= 5,).

which means I s completely continuous. Thus, T maps bounded set into
equicontinuous sets.

Setgn _)5*’ hn _)T(é:n)’and hn _)h*

step 4. > Then, we have

B (s)m Isl//‘(t)(w(s)—',//(t))le N YO =y @)
O ree Y (¢ +4,)

m 0, ' ) — H+ér-1
Sof w(s)(w%) +«/;()s)) e (5)ds

m ' _ h+¢,—1
_Zw" Lﬂ 4 (S)(ng(ﬁ; +!/;(;)) ¢ (s)ds]

as h" replacing i with 7, .Thus, we show that there exists

s

And we obtain

S €8, E: L{a, BB —C(le, fLR)

¢ The continuous linear thoperator —

Is as follows:
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OOV OFT ) gy W) —p(@) T
L4 +¢) T(¢ +4,)

S=>EO@=[*

m 0 ' ) — d+p,—1
(Sl LAV,

m ' . H+pr-1
Sl LDy

Notice that

- _ h+d1
R e AL OIL

B ¢+, -1 m 0, ' ) — h+¢,-1
L W) -y(@) "[Z I y' () (6) -y (s)) 7. (5)—7.(s) | ds

@;
=

I'(g +¢,) = I'(g +4,)

m ' _ h+é,-1
o] FOUEREON ) e (9)las)

hn (S) € E(SL,T,, ) By Tu =T

as " =% Moreover, we have we get h. for

T.€S, .

some which means I has a closed graph.

Step 5. It follows from step2 that

1<l
s\ @]

b

There exist N with H g ||¢ N'Denote U= {C-'Z is continous on [a, 'B] ” 5 ”< N}

T s upper semicontinuous and completely continuous. By the definition of U,

EedlU

there is no such that ¢ €7T1(S) for some n € (0,1). Hence, we have

(i) of Lemma 3 is not true and there exists a fixed point el which is a
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solution of problem (2). The proof is completed.

4. Application
Example 1. Consider the ¥ ~ Hilfer fractional differential inclusion
H %,%zsint(ﬂ %%;sint ( ) )
Dg D22 & () JeL(s,5(5)),

EW=0, &£ D= Z( )’“g( -),s €[01]. (5)

LIBEE
HEEHE

L(s,c(s))=sup{| 7]: 7 € L(5,5(s)} <5:=1(s)0(| S ]). [(s) =1,6(| 5 ]) =55
N

S Les,e()=l—5—= g PR LES,

then we have 5 >1,
_ (sin(l) - sin(O)ﬁ L sin) - sin(0))!%
- TA1/5) L(5/4)|w|
L) —sin@)t
X[Z(,_l ) 5 N (sin(1) —sin(0)) 1
=tit3 ['(22/10) ['(22/10)

that is N>2.78041 By Theorem 2, Y ~ Hilfe fractional differential inclusion (5

[0,1].

has at least one solution on

5. Conclusion

The main aim of this paper is to generalize the recent single value problem to the

multivalued one. We study the Y ~ Hilfefractional differential inclusions with
multi-valued conditions. Existence of solutions to the problem is discussed. Sufficient

conditions of existence of solutions results are presented and an example involving
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function SMXis given to illustrate our main results. It is noticed that if we take

m=0 14 the right hand of (1) the multi-valued function L , then (1) becomes the

problem (2). The results are new and contribute to the existence results about this issue.

References

[1] A.A. Kilbas, H.M. Srivastava,J.J. Trujillo, Theory and Applications of Fractional Differential Equations.
North-Holland Mathematics Sudies, vol. 204. Elsevier, Amsterdam, 2006.

[2] R.  Almeida. A Caputo fractional derivative of a function with respect to another function. Commun.
Nonlinear Sci. Numer. Simula 2017(44), 460-481.

[3] D. Yang, C. Bai. Existence of Solutions for Anti-Periodic Fractional Differential Inclusions Involving

V- Riesz-Caputo Fractional Derivative. Mathematics, 2019(7), 630, 1-15.

[4] J.V.d.C. Sousa,E.C. De Oliveira. On the V- Hilfer fractional derivative. Commun. Nonlinear Sci.
Numer. Simul. 2018 (60), 72-91.

[5] C.Nuchpong, S.K. Ntouyas, A.Samadi, J. Tariboon. Boundary value problems for Hilfer type sequential
fractional differential equations and inclusions involving Riemann-Stieltjes integral multi-strip
boundary conditions. Adv. Difference Equ. Paper. 2021, No.268, 1-19.

[6] S. Aly Elkhateeb, M. Latha Maheswari, K. S. Keerthana Shri, Waleed Hamali. A novel approach on the
sequential type V- Hilfer pantograph fractional differential equation with boundary
conditions.Boundary Value Problems (2024) 2024:56, 1-16.

[7] H. Covitz, Jr. S. B. Nadler, Multivalued contraction mappings in generalized metric spaces, Israel J.
Math. 1970(8), 5-11.

[8] K. Deimling, Multivalued Differential Equations, de Gruyter Series in Nonlinear Analysis and

Applications, Walter de Gruyter Co., Berlin (1992).



