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Abstract. A well-regarded fairness notion when dividing indivis-
ible chores is envy-freeness up to one item (EF1), which requires
that pairwise envy can be eliminated by the removal of a single item.
While an EF1 and Pareto optimal (PO) allocation of goods can al-
ways be found via well-known algorithms, even the existence of
such solutions for chores remains open, to date. We take an epis-
temic approach utilizing information asymmetry by introducing du-
bious chores—items that inflict no cost on receiving agents but are
perceived costly by others. On a technical level, dubious chores pro-
vide a more fine-grained approximation of envy-freeness than EF1.
We show that finding allocations with minimal number of dubious
chores is computationally hard. Nonetheless, we prove the existence
of envy-free and fractional PO allocations for n agents with only
2n — 2 dubious chores and strengthen it to n — 1 dubious chores in
four special classes of valuations. Our experimental analysis demon-
strates that often only a few dubious chores are needed to achieve
envy-freeness.

1 Introduction

The fair allocation of resources and tasks is a fundamental role of any
economy. It has garnered attention of diverse communities spanning
computer science, artificial intelligence, political science and eco-
nomics due to its broad applicability in healthcare, charitable dona-
tions, waste management, and task allocation [5, 23, 24, 41, 53, 54].
Traditionally, this field is concerned with allocating indivisible items
that are positively-valued by agents (i.e., goods). However, many
practical decisions distribute indivisible negatively-valued tasks (i.e.,
chores) too.

The allocation of chores is fundamentally different from its goods
counterpart since chores must be fully allocated, whereas goods may
be disposed of at no cost. Moreover, algorithmic techniques and ax-
iomatic approaches developed for fair allocation of goods do not im-
mediately translate to this setting. Thus, in recent years a large body
of work has focused on investigating fairness axioms and algorithmic
techniques specifically for allocation of chores [7, 19, 30, 37, 46].
The canonical fairness notion in the literature is envy-freeness (EF),
an intrapersonal property which requires that each agent weakly
prefers their own bundle to any other [36]. However, EF allocations
may not exist and determining their existence is computationally in-
tractable, motivating a number of relaxations.

One well-studied relaxation, envy-freeness up to one item (EF1),
requires that any pairwise envy between the agents can be elimi-
nated by the counterfactual removal of a single item (a good from
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the envied agent or a chore from the envious agent) [49, 23]. An EF1
allocation of goods always exists and can be computed efficiently
along with economic efficiency notions such as Pareto optimality
(PO) [12, 26]. In contrast, for chores, not only computing an EF1 and
PO allocation is unknown, but even the existence of such allocations
remains open to date. (EF1 allocations without PO can be computed
in polynomial time [9, 17].) This has led several works to study EF1
and PO allocations under restricted domains [9, 35, 40, 48].

We take a different, epistemic, approach that utilizes information
asymmetry. Rather than require counterfactual reasoning to achieve
fairness, as with EF1, epistemic fair division considers allocations
that are partially hidden [8] or for which information is withheld
about the goods [45, 18]. To this end, we differentiate between the
allocation of chores that agents are informed about and the alloca-
tion they actually receive. The difference is an over-representation
about which tasks agents complete, above-and-beyond those they are
actually assigned. That is, agents must only complete a subset of their
assigned chores, which may contain duplicates.

We represent this technically through the introduction and allot-
ment of dubious chores, copies of the original chores that bear no cost
for agents that receive them, but are seen as costly by others. This
models settings where agents do not have direct means of communi-
cation and cannot verify the exact costs incurred by each agent, such
as with distributed computing of high-complexity problems or de-
centralized training of large language models. Formally, we propose
a fairness notion of envy-freeness up to k dubious chores (DEF-k).
Consider n agents, m chores, and an allocation A = (Ay, ..., A,).
We introduce up to k dubious copies of the original chores, rep-
resenting additional tasks agents appear to be completing, that are
distributed via the dubious allocation AP = (AP, ... AD). If ev-
ery agent 7 prefers its own allocation A; to the perceived allocation
Aj U AP (combined real and dubious) of each other agent h # 1,
then we say that allocation A is DEF-k.

This approach differs from related work about EF1, duplicating
chores, and chores with subsidies. First, agents in our approach mea-
sure whether an allocation is fair based on their information, which
is subjective and may differ across agents. This contrasts EF1 which
requires agents to counterfactually reason about other agents’ bun-
dles. Moreover, DEF-£ offers a more fine-grained approximation of
EF than EF1. Whereas the latter recognizes any allocation close to
an envy-free allocation, DEF-k precisely identifies a trade-off be-
tween fairness and transparency: a DEF-0 allocation is necessarily
EF, while at most k units of transparency must be compromised to
make a DEF-£ allocation envy-free for k& > 0.

Second, Akrami et al. [3] recently introduced real copies of chores
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(i.e., “surplus”) into the original fair division instance. Our approach
differs on a conceptual level in that duplicates introduce real addi-
tional cost on the receiving agents, reducing overall welfare, and
more duplicated chores than dubious ones may be needed to elim-
inate envy. Third, our method differs from approaches of elimi-
nating envy by subsidizing agents with positively-valued money
[22, 25, 44]. Whereas these approaches change real allocations by
introducing unit-valued goods to achieve EF fairness, agents in our
approach perceive their allocation as fair according to their visible
information.

1.1  Our Contributions

‘We propose a novel fairness notion, DEF-k, that utilizes information
asymmetry with dubious chores, items that are perceived as costly
but inflict no actual cost on the receiving agent. Conceptually, dubi-
ous chores provide a natural approach when no envy-free solution ex-
ists. Technically, DEF-k provides a more fine-grained approximation
of envy-freeness than EF1 which enables progress towards address-
ing open problems in fair allocation of indivisible chores, such as the
existence and computation of EF1 and PO. As such, we make the
following technical contributions for agents with additive valuations:

e We show the hardness of finding the minimal & for which DEF-k
exists and its constant approximation (Corollary 1). In contrast,
we obtain that DEF-(n — 1) allocations always exist and can be
computed efficiently (Theorem 3).

e We achieve both fairness and efficiency by showing that there al-
ways exists an allocation satisfying DEF-(2n — 2) and fractional
Pareto optimality (fPO), a more demanding efficiency require-
ment than PO (Theorem 4). Furthermore, we strengthen this result
showing that DEF-(n — 1) and fPO allocations can be efficiently
computed in four special cases: when agents’ valuations are iden-
tical (Theorem 5), binary (Theorem 6), or bivalued (Theorem 7),
or upon restricting chores to be two-typed (Theorem 8). Under bi-
nary valuations our algorithm also guarantees envy-freeness up to
any chore (EFX) [9, 27], a strengthening of EF1 under which each
pairwise envy can be eliminated by the removal of any negatively-
valued chore of the envious agent.

e Our empirical study demonstrates that Round Robin produces
allocations requiring small numbers of dubious chores to become
envy-free. This beats the theoretical existence guarantee of DEF-
(n — 1) by half. DEF-k also appears to correlate well with PO,
which optimally require few dubious chores to become envy-free.

2 Related Work

While the literature on fair division of indivisible items is vast (see
e.g., Amanatidis et al. [6] for a survey), our work fits best in the con-
texts of algorithms guaranteeing fair and efficient allocations (often
for restricted preference classes), fairness achieved with copies, and
fairness achieved by imposing epistemic constraints. The following
related works hold for agents with additive valuations; see Section 3
for formal definitions.

2.1 Algorithms Yielding Fairness and Efficiency

For goods instances and agents with general valuations, Murhekar
and Garg [52] identified a pseudo-polynomial time algorithm for
computing EF1 and fPO that extends to polynomial time by fix-
ing the numbers of agents or different values that agents have over

goods. This improves algorithms by Aziz et al. [9] and Barman et al.
[12] which are polynomial time for two agents with general valua-
tions and if valuations are bounded, respectively. Garg and Murhekar
[38] identified a polynomial time algorithm for computing EFX, a
strict generalization of EF1, and fPO, for bivalued goods. The poly-
nomial time algorithm of Gorantla et al. [43] computes EFX for two-
types of goods. Garg et al. [40]’s polynomial time algorithm identi-
fies EF1+fPO for two-type agents, where each agent has one of two
utility functions. Still, computing EF1+fPO in polynomial time for
the general goods case remains an open question.

For chores instances, Garg et al. [39] and Ebadian et al. [35]
independently identified polynomial time algorithms to compute
EF1+fPO allocations when agents’ valuations only take on one of
two possible values. Similarly, Aziz et al. [10] provided an algorithm
to compute EF14+fPO allocations when there are only two types
of chores. Garg et al. [40] further identified polynomial time algo-
rithms that compute an allocation that is EF1 and fPO for either three
agents, two-type agents, or personalized bivalued chores instances—
bivalued chores in which agents may have different values—with dif-
ferent enough valuations.

2.2 Epistemic Fairness and Copies

Our work aligns closely with epistemic fair division which describes
agents with limited information about allocations. Aziz et al. [8], and
Caragiannis et al. [28] define epistemic EF and EFX as allocations
in which each agent, based on information about their own bundle
only, believes it is possible to allocate the remaining items to other
agents such that the overall allocation satisfies EF or EFX. Thus,
each agent’s view may be substantially different from each other or
the real underlying allocation. The notion of hidden envy-freeness of
Hosseini et al. [45] supposes that each agent agrees on the visible
information, but their belief about what’s hidden may differ. Other
related works include a Bayesian approach to incomplete informa-
tion [32], a generalization of maximin share [29], and where agents
only compare their values to their neighbors on a social network
[1, 13, 16, 21, 33]. Bliznets et al. [18] combine these approaches
to study EF for agents embedded in a social network who can hide at
most one good in their allocation, and at most k goods are hidden.

The concept of “copies” of items appears in several works, but in
very different settings to ours. For example, Akrami et al. [3] consid-
ered actual copies of chores that are added to allocations to obtain fair
solutions. In this case, each actual copy of a chore creates additional
disutility for the agents. Therefore, their approach for chores resem-
bles the literature on goods allocation with charity, in which a small
number of goods may be left unallocated in order to obtain a fair so-
lution. Literature on EFX with charity was introduced by Caragiannis
et al. [26] and followed-up with many relaxations [31, 15, 2, 14, 50].
On a technical level, Akrami et al. [3] develops an algorithm that
yields an EF1 and fPO allocation with n — 1 surplus, whereas our al-
gorithms guarantees EF and fPO upon adding 2n — 2 dubious chores
to the original instances.

Separately, Aleksandrov [4] considered modified definitions of
EF1 and EFX in which a counterfactual “copy” of an item is added
to a bundle to eliminate pairwise envy. Gorantla et al. [43] studied
the setting of goods divided into several types such that each agent
values goods of the same type identically. Hence, goods of each type
can be seen as “copies,” but they are given exogenously, in contrast
to our setting. Likewise, Aziz et al. [10] focused on the setting with
two types of chores.
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3 Preliminaries

Problem instance. An instance T = (N, M, V) of the fair divi-
sion problem is defined by a set of n agents N, a set of m chores M,
and a valuation profile V = (v;)ien that specifies the preferences of
every agent ¢ € N over each subset of the chores in M via a valua-
tion function v; : 2t — R. Ifv;(S) > 0Vi € N, S C M, then we
call the items goods; likewise, if v;(S) < 0 the items are chores. We
assume that the valuation functions are additive, i.e., for any i € N
and S € M, v;(S) = 3 g vi({c}), where v;(0)) = 0. We write
v;(c) instead of v; ({c}) for a single chore ¢ € M.

Allocation. A real allocation A = (A1, ..., Ay) refers to an n-
partition of the set of chores M, where A; C M is the bundle allo-
cated to agent 7 € N and no chore of M is unallocated. The utility
of agent i for the bundle A; is given by vi(A;) = >° . 4, vi(c). An
allocation is fractional if chores may be shared between agents and
integral otherwise; each chore is nevertheless fully allocated across
the agents.

Restricted valuations. We consider four special cases of agent val-
uation functions. The instance Z has identical valuation if for any
two agents 4, j € N and chore ¢ € M it holds that v;(c) = v;(c). It
has binary valuations if v;(c) € {—1,0} for every agent i € N and
chore ¢ € M. The instance has bivalued valuations if there exist two
real numbers z < y < 0 such that v;(c) € {x,y} foreveryi € N'
and ¢ € M. Finally, the instance has two types of chores if M can be
partitioned into two sets X and Y such that, for every agenti € N
and two chores ¢, ¢’ from the same set, it holds that v;(c) = v;(c).

Definition 1 (Dubious chores). A dubious chore ¢’ allocated to
agent i € N is a copy of the chore ¢ € M that upholds the
same perceived costs for all agents but no incurred cost for i. That
is, vp(') = wvp(c) Yh € N\ {i} and vi(¢') = 0. Given an in-
stance I and real allocation A, a dubious multiset D refers to a
multiset containing dubious chores copied from M. A dubious allo-
cation AP = (AP, ... AP is an n-partition of the multiset D.

We define the augmented allocation A* = A U AP such that for
each i € N, Af = A; U AP. The utility of agent i for its own
augmented bundle is vi(A}) = v;(A;) while for other agents h € N
is v (A7) = vn(As) + vn (AP).

Definition 2 (Envy-freeness). An allocation A (real, dubious, or
augmented) is envy-free (EF) if for every pair of agents i,h € N,
vi(A;) > wvi(Ap). The allocation A is envy-free up to one chore
(EF1) if for every pair of agents i,h € N such that A; # (), there
exists some chore ¢ € A; such that v;(A; \ {c}) > vi(Ap). Fur-
thermore, A is envy-free up to any chore (EFX) if for every pair of
agents i, h € N and chore c € A; such that v;(c) < 0, it holds that
vi(Ai \ {c}) = vi(An).

Definition 3 (Envy-freeness with dubious chores). A real alloca-
tion A is said to be envy-free up to k dubious chores (DEF-k) if there
exists a dubious multiset D and dubious allocation AP such that: (i)
D consists of up to k dubious chores copied from M, and (ii) the
augmented allocation A* = AU AP is envy-free.

Remark. It follows from the above definitions that an allocation is
EF if and only if it is DEF-0. Moreover, for any k > 0, a DEF-k
allocation is also DEF-(k + 1), but the converse may not hold.

In the full version of the paper [47], we also consider two stronger
notions of DEF-k: singly and personalized. There, we introduce re-
strictions on how dubious chores may be allocated that may be well
motivated in some of the potential applications.

agent | c1 c2

n -1 -1

—1 @ -n -n ... —n

Table 1. An example allocation and its dubious augmentation.

Pareto optimality. An allocation A is Pareto dominated by allo-
cation B if v;(B;) > vi(Ai) Vi € N, with at least one of the in-
equalities being strict. A Pareto optimal (PO) allocation is one that
is not Pareto dominated by any other allocation. A fractional Pareto
optimal (fPO) allocation is one that is not Pareto dominated by any
other fractional allocation.

Note that an fPO allocation is also PO, but the converse may not
necessarily hold. PO does imply fPO for special cases such as bival-
ued preferences [35].

Example 1. Consider the instance T in Table 1 with n agents and
m = n chores defined with agents’ valuations v;(c) fori € N,c €
M. A real allocation A is identified by the circled valuations such
that A; = {c;}, Vi € N. Clearly A is EF1 and PO and agent n
envies each other agent i # n.

Consider the dubious multiset D containing n — 1 dubious copies
of ¢y, that is allocated as AP = ({c,,},{cL},...,{c}}, D). Then,
the augmented allocation A* = AUAP is envy-free. This follows be-
cause for any pair of agents i, h € N\{n}, we have that v, (A}) =
—n—1<-—n=uv,(A;) vi(4;) = —n—-1< —-1=v;(A]), and
vi(Ay,) = —n < —1 = v;(A}). Hence, A is DEF-(n — 1).

Remark. Every real allocation A is DEF-(m - (n — 1)) since it can
be augmented with a dubious multiset D with n— 1 dubious copies of
each chore. Allocating these one per agent, except for the agent that
receives the corresponding real chore in A, will make A* = AUAP
envy-free. However, this is a trivial allotment akin to only revealing
each agent’s own bundle to themselves, as in epistemic envy-freeness
[8, 28]. In this work we provide computational limits and theoretical
bounds on the minimum k for which DEF-k allocations exist.

To conclude this section, we recall three techniques for allocating
chores to agents that we use in our subsequent theorems.

Round Robin algorithm. Fix a permutation o of the agents. The
Round Robin algorithm cycles through the agents according to o.
In each round, an agent gets its favorite (i.e., least undesirable) chore
from the pool of remaining chores.

Envy Graph algorithm [49]. The Envy Graph algorithm iter-
ates through each chore c in rounds by first resolving cycles in the
top trading envy graph T based on the partial allocation A. This
graph is built over n vertices and composed of edges (i, h) if agent
i’s (weakly) most preferred bundle is / in A. The algorithm resolves
cycles in T4, by transferring to each agent ¢ the bundle of the next
agent in the cycle. Afterwards, one agent who does not envy any
other agent is given c.

Fisher Markets. A pricing vector is a function p : M — R>o.
Intuitively, the price p(c) of chore ¢ € M is a payment that an agent
receives for doing the chore. For a subset S C M, we have p(S) =
> ees P(c). Given p, agent i’s minimum pain per buck is the set of
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agent |di, - di, di, - di, di, - di, diy - dyy d, dyn  dia dyn | €1 Cm
0 0O - 0 0 - 0 0O - 0 0 0 0 0 0 0 @ @ @
1 @ @ 1 e =1 -1 -1 @ @ 0 0 @ 0
2 [0 -0 (00 - o 0 -1 -« -1 @ -1 0 - 0
3 0o - 0 0o - 0 0o - 0 0 0 0 0 -1 0 S1 Sa2 Sm
n o |0 0 0 0 (©) - (0) o 0 0 -~ (0 o @

Table 2. An illustration to the proof of Theorem 2.

chores with the minimum absolute value of valuation to price ratio:
MPB; = argmince am |vi(c)|/p(c); intuitively, the most profitable
chores for <.

A pair of a real allocation and a pricing vector (A, p) is a Fisher
market equilibrium if every agent i € N receives only its minimal
pain per buck chores, i.e., A; C M PB;. It is well-known that ev-
ery allocation of a Fisher market equilibrium is fPO [51]. A Fisher
market equilibrium (A, p) is price envy-free up to one item (pEF1) if
for every i,j € N, either A; = () or there exists ¢ € A; such that
p(A; \ {c}) < p(A;). It is known that if (A, p) is pEF1, then A is
EF1 [35, 39].

4 Fairness with Dubious Chores

‘We begin by analyzing fairness with dubious chores without any effi-
ciency requirement. We show the computational hardness of finding
the smallest k& for which DEF-£ exists, discuss the relation between
DEF-k and EF1, and prove that an existing algorithm can achieve
DEF-(n — 1) in polynomial time. Later, in Section 5, we study the
existence and computation of DEF-k along with fPO.

We start with the decision problem of finding the optimal k for
which a DEF-k£ allocation exists. Bhaskar et al. [17] demonstrated
that determining whether for a given instance there exists an EF allo-
cation is NP-complete. We show that for an arbitrary fixed constant
k € Zx>o, determining whether an instance has a DEF-k allocation
is NP-complete, even in the cases of identical or binary valuations.

Theorem 1. Given an instance T = (N, M, V), for every fixed con-
stant k € Z>o, deciding if the instance admits a DEF-k allocation
A is NP-complete, even when valuations are identical or binary.

The proof uses the techniques developed by Bhaskar et al. [17]
and Hosseini et al. [45] and can be found in the full version of the
paper [47]. Observe that Theorem 1 implies that finding the minimal
k € Zxo such that there exists a DEF-k allocation is NP-hard as
well. Moreover, since hardness holds also for £k = 0, there is no
polynomial-time constant approximation scheme for this problem,
unless P = NP.

Corollary 1. Given instance T = (N, M, V), unless P=NP, there
is no polynomial-time algorithm that gives a constant approximation
for the problem of finding DEF-k allocation with minimal k.

Theorem 1 holds when k is a fixed constant. However, if we do
not fix k, even the verification problem becomes hard. This means
that the natural question of whether a given allocation might be aug-
mented with k£ dubious chores to an envy-free allocation is computa-
tionally intractable.

Theorem 2. Given an instance T = (N', M, V) with binary val-
uations and an allocation A, deciding if allocation A is DEF-k is
NP-complete.

Proof. Given a dubious allocation AP, we can verify if the aug-
mented allocation A* = A U AP is EF in polynomial time, so our
problem is in NP. We therefore focus on showing the hardness.

To this end, we follow the reduction from RESTRICTED EXACT
COVER BY 3-SETS (RX3C). In RX3C instance Z = (U, S), we are
given a universe of n = 3k elements U = (u1,u2,...,un) and
a family S = (51, S2, ..., Sm) of three-element subsets of U such
that every element u; appears in exactly 3 subsets, i.e. |S; € S : u; €
Si| = 3 for every j € [n]. Hence, necessarily m = 3k = n. The
question is whether we can find a cover of size k, i.e., a subfamily of
subsets K C S such that [K| = k and g, ¢, Si = U. Observe that
in such a case every element of I/ will appear in subsets in /C exactly
once, with means that /C will be an exact cover as well. The problem
is known to be NP-hard [42].

Now, for every instance Z of RX3C, we construct a corresponding
instance Z' = (N, M, V) and an allocation A (for an illustration see
Table 2). First, let us take one agent for each element of I/ and one
choosing agent 0. Formally, N" = {0, 1, ..., n}. Next, for every or-
dered pair of agents (i, j) € {1,...,n}? letus take 4 dummy chores,
dz{j, df,j, d?y 4> and d‘i{j. Also, let us take one chore for every subset
in S, i.e., chores ci, ..., cm. This will give us a total of an® + m
chores in M. Further, let us describe the valuations of the agents. For
the choosing agent 0, we set the value of every chore to 0. In turn, for
every agent ¢ € {1,...,n}, we set its valuation of dummy chores to
—1, if 4 is the first agent in the subscript, and 0, otherwise. Formally,
for every r € {1,2,3,4} and (5,k) € {1,...,n}? let vi(dj ) =
—1,if j =4, and v;(d} ;) = 0, otherwise. As for chores c1, ..., cm
the valuation depends on whether element u; belongs to the subset
corresponding to the particular chore. Formally, we set v;(c;) = —1,
ifu; € S;,and v;(c;) = 0, otherwise. Finally, let us specify the allo-
cation A. First, we give all of the chores c1, . .., ¢y, to the choosing
agent 0, i.e., Ao = {c1,...,cm}. Then, every agenti € {1,...,n},
receives all of the dummy chores in which it is in the second position
of the subscript, i.., A; = Ule{d[i, i n it

In the remainder of the proof, let us show that A is DEF-£, if and
only if, there exists an exact cover K in the original instance Z. To
this end, observe that for every two agents ¢,5 € {1,2,...,n} we
have v;(A;) = vi(A4;) = —4. Hence, there is no envy among these
agents. Furthermore, for the choosing agent 0, we have vo(S) = 0
for every S C M, thus it does not envy any other agents. However,
for every agent i € {1,2,...,n} we have that v;(Ao) is equal to the
number of subsets in S that include element u; times —1, which is
—3. Hence, the choosing agent is envied by every other agent. Now,
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agent\ €1 C2 c cCn

@00
%@

oo L@

Table 3. EF1 allocation that is not DEF-k for any k < n(n — 1).

in order to eliminate such envy, we have to give the choosing agent
0 at least one dubious copy of a chore that has value —1 for each of
agents 1, ..., n. Since we have 3k such agents, each chore has value
—1 for maximally 3 agents, and we can add up to k£ dubious chores,
we have to choose a subset of k£ chores from {c1, ¢z, ..., ¢m } in such
a way that every agent from {1, ..., n} has value —1 for at least one
of them. But that is possible if and only if there exists a set cover in
the original instance Z. O

In lieu of this computational hardness, we establish upper-bounds
on the required number of dubious chores to make a real allocation
envy-free. While EF1 allocations of chores do exist and can be com-
puted in polynomial time [9, 17], such allocations may require many
(i.e., n(n — 1)) dubious chores to become envy-free. This is because
for each pairwise envy relation between agents, the envied agent can
dubiously receive the “worst” chore of the envious agent to remove
envy. Example 2 demonstrates that this bound is in fact tight.

Proposition 1. Given an instance T = (N, M, V), every EF1 allo-

cation A is also DEF-n(n — 1).

Example 2. The instance presented in Table 3 demonstrates an
EF1 allocation A that is DEF-n(n — 1) but not DEF-k for any
k < n(n — 1). Note that A is extremely ineffective—any other allo-
cation would yield a Pareto improvement. Furthermore, we note that
this allocation could be an output of the Envy Graph algorithm.

We next demonstrate stronger results for allocations produced by
Round Robin, which require at most n — 1 dubious chores to be-
come envy-free. The improvement arises since each agent chooses
the best of the remaining chores for each round. Hence, in each
round, there is a single agreed-upon “worst” chore, the latest chore
allocated, that can eliminate all envy-relations when dubiously allo-
cated to all envious agents.

Theorem 3. Given an instance T = (N, M,V), Round Robin
returns a DEF-(n — 1) allocation.

Proof. Without loss of generality, let A be a real allocation generated
by Round Robin by the order o = {1,2,...,n}. Let T be the
last agent allocated a chore and let 77 = (T + 1) mod n be the
subsequent agent in 0. We know that A is EF1 and, specifically Vi #
T and k # i, v;(Ai\{¢}) > vi(Ax), where ¢; is the last chore
allocated to each agent ¢ by Round Robin [9, 27]. The subsequent
agent 7" is not envious of any other agent 3, since for every chore ¢
of T” there is one chore of 4 that was chosen after c. We also know
that in the last n rounds of Round Robin, each agenti # T chose
their chore ¢; over the last allocated chore ér, meaning that v; (A;) >
v;(A; U {ér}\{¢}). Therefore for every agent i # T’ and k # i,
we have v;(A;) > vi(Ar U{é&}) > vi(Ar U {ér}). As aresult, if
a dubious copy of ¢r were given to every agent except 7', no agent
would envy any other. This is n — 1 dubious chores. O

Table 4. An example allocation that is DEF-2 but not EF1.

Allotting n— 1 dubious chores for allocations produced by Round
Robin is similar to the case of goods allocations satisfying strong
envy-freeness up to one good (sEF1) [34], in which all envy to each
agent ¢ can be eliminated by removing a single good in ¢’s bundle
A;. Hosseini et al. [45] observe that hiding n — 1 of these goods can
make sEF1 allocations envy-free and that this bound is tight for the
existence of any hidden envy-free allocation. Likewise, with chores,
Example 1 above demonstrates that the existence of any DEF-k al-
location is tight at k = n — 1. This is because some agent ¢ must
receive ¢, in the real allocation and they will envy every other agent
by a value of at least 1. Therefore, at least n — 1 chores must be du-
biously copied to make 7 not envious, so any real allocation cannot
be DEF-(n — 2).

Conitzer et al. [34] discuss that both Round Robin and Envy
Graph yield sEF1 allocations for goods; however, only Round
Robin of these yields DEF-(n — 1) allocations for chores, which
are notably also EF1. Example 2 previously demonstrated that EF1
allocations furnished by Envy Graph may be not DEF-(n — 1).
Finally, DEF-(n — 1) allocations are not necessarily EF1, as in Ex-
ample 3.

Example 3. Fixn = 3 and m = 4 in the instance depicted by
Table 4. The real allocation indicated by circled valuations is DEF-2
with respect to the dubious set D = {c}, ch} and allocation AP =
{0,{c1,ch}, 0}, but it is not EF1.

5 Fairness and Efficiency

In this section, we proceed to demonstrate the existence and compu-
tation of DEF-k along with fractional Pareto optimality. Specifically,
we show that we can efficiently compute DEF-(n — 1) and fPO al-
locations in four special cases: if agents have identical, binary, or
bivalued valuations, or when there are two types of chores. However,
we start by a general result that a DEF-(2n — 2) and fPO allocation
always exist. Our approach is based on the algorithm for finding fair
and efficient allocations for goods developed by Barman and Krish-
namurthy [11]. We note the same algorithm was utilized by Akrami
et al. [3] to attain an EF1 and fPO allocation by introducing at most
n — 1 actual copies of chores.

Theorem 4. Given an instance T = (N, M, V), there always exists
an DEF-(2n — 2) and fPO allocation.

Proof. Barman and Krishnamurthy [11] showed' that there always
exists a Fisher market equilibrium (A, p) such that for every agent
iEN,
p(A4;) < 1and 3c € M such that p(A4; U {c}) > 1, or
p(A;) > 1and 3c € A; such that p(4; \ {c}) < 1. (1)

1 Barman and Krishnamurthy [11] only considered goods but the same al-
gorithm works for chores [20]. However, the algorithm is based on finding
competitive equilibrium with equal incomes (CEEI), which can be com-
puted in polynomial time for goods. Only an XP algorithm for chores pa-
rameterized by the number of agents or chores is known; the existence of
nonparameterized polynomial-time algorithm is unknown.
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Since (A, p) is an equilibrium, we know that A is fPO. In what fol-
lows, we show that A is DEF-(2n — 2) as well.

To this end, let us denote by imax € arg max;cn p(A4;) an agent
with maximally priced bundle and by cmax € arg maxccam p(c) a
chore with the highest price. Let D consist of 2n — 2 dubious copies
of chore cmax, Which we denote ¢y, and let AP be a dubious allo-
cation in which each agent in A"\ {imax } receives two dubious copies
of this chore. Next we show the augmented allocation A* = AU AP
is envy-free.

Observe that every agent i € A does not envy agent imax, €ven in
the real allocation A. Indeed, since ¢ receives only its minimum pain
per buck chores,

vi(Ai) = —p(Aq) - min B > p(Appane) - maxee s 2

> Yeen,, . P(0) - 5 = vi( i)

tmax

Hence, in A™ no agent envies imax as well. Now, let us take arbi-
trary 4, j € N such that i # imax and show that 5 does not envy i.
Observe that

vj (A;k) = vj (Az) + 21)]- (Cinax)
= Teen, (POHE) + 20leman) s

, w0l
< —(p(As) + 2p(cmax) - min 2L

From Equation (1) we know that p(4;) + 2p(cmax) > p(4;).
Hence, v; (A7) < —p(A;) - mineea 290 = o) (4;) = v, (A7).

p(c

Thus, A* is envy-free, so A is DEF-(2n — 2). O

Next, we focus on four restricted domains of preferences. We uti-
lize their structure to strengthen our result and prove the existence of
algorithms that find DEF-(n — 1) and fPO allocations in polynomial
time. We begin by considering identical and then binary valuations.

Theorem 5. For every instance T = (N, M, V) with identical val-
uations, there exists a DEF-(n — 1) and fPO allocation and it can be
computed in polynomial time.

Proof. Observe that with identical valuations every allocation is
fPO. Hence, by Theorem 3, Round Robin algorithm returns a
DEF-(n — 1) and fPO allocation in such case. O

Theorem 6. For every instance T = (N, M, V) with binary valu-
ations, there exists a DEF-(n — 1) and fPO allocation and it can be
computed in polynomial time.

Proof. The following algorithm returns a DEF-(n — 1) and fPO al-
location. First, while possible, assign every chore to any agent that
values it at 0. This ensures that the final allocation will have the min-
imal possible total cost for the agents, also among fractional allo-
cations. Thus, it will be fPO. Let us assign the remaining common
chores, i.e., those valued —1 by all agents, by Round Robin algo-
rithm. Then, either every agent receives exactly the same number of
common chores or there are two groups of agents with k and k — 1
such chores for some £ € IN. In the former case, the allocation is
envy-free, hence DEF-(n — 1) as well. In the latter case, if we give
a dubious copy of some common chore to every agent that receives
k — 1 common chores (and there are at most n — 1 such), we obtain
an envy-free augmented allocation as well. O

We note that the algorithm described above also guarantees that
the output allocation satisfies EFX.

For bivalued valuations, we will build on the algorithms intro-
duced independently by Ebadian et al. [35] and Garg et al. [39] that
for every such instance find an EF1 and PO allocation. The algo-
rithm relies on Fisher market equilibrium and in order to use it, we
first show the following lemma.

Lemma 1. Given an instance T = (N, M, V), and a pEF1 Fisher
market equilibrium (A, p), it holds that A is a DEF-(n — 1) and fPO
allocation.

Proof. Since an allocation in Fisher market equilibrium is always
fPO [51], it suffices to show that if (A, p) is pEF1, then allocation A
is DEF-(n — 1).

To this end, let us denote by imax the agent with maximally priced
bundle, i.e., imax € arg maxien p(A;), and by cmax a chore with
the highest price, i.e., cmax € arg maxcem p(c). Now, we construct
a dubious allocation A” where D contains n — 1 copies of Cmax,
denoted by ¢, Which are allocated one each to agents N\ {imax }-
We show that the obtained augmented allocation A* = AU AP is
envy-free as follows.

First, observe that no agent envies imax, €ven in the real allocation
A. Indeed, every agent i € N receives only its minimum pain per
buck chores, therefore

vi(c)
p(c)

vi(Ai) = —p(A:) - min B > p(Ajpan) - maXee

> Yoen,, . P(e) - HE = vi(Ai).

Hence, in A™ also no agent envies imax. Thus, let us take arbitrary
i,7 € N such that ¢ # imax and prove that j does not envy i.
Observe that

0; (A7) = v (Ai) + v;(Cmax)
o)  (Cha)
= Teen, (PO + plemar) oo

) e Jvi(o)l
< —(p(As) + p(emax)) (frel}\r}l pj(c) :

Since (A, p) is pEF1, we get that p(A4;) — p(c) < p(A;) for some
c € M. Hence, p(A;) < p(A;) + p(cmax) and v; (A7) < —p(A;) -

minee pm ‘vp"(% = v;(A;) = v;(A}). In conclusion, A™ is envy-
free, so A is DEF-(n — 1). O

Theorem 7. Given an instance T = (N, M, V) with bivalued valu-
ations, there exists a DEF- (n — 1) and fPO allocation and it can be
computed in polynomial time.

Proof. Garg et al. [39] and Ebadian et al. [35] provided a polynomial
-time algorithm that finds a pEF1 Fisher market equilibrium for every
instance with bivalued valuations. This, combined with Lemma 1,
yields the thesis. O

Finally, let us consider the case of two types of chores.

Theorem 8. Given an instance T = (N, M, V) with two types of
chores, there exists a DEF-(n — 1) and fPO allocation and it can be
computed in polynomial time.

Proof. By definition, since the instance has two types of chores, we
can split M into two sets X and Y such that for every agent i € N/
and chores ¢, ¢ in one of the sets we have v;(c) = v;(c’). Thus, for
every agenti € A, by v;* and v let us denote the agent’s valuations
of chores from sets X and Y respectively. Aziz et al. [10] provided a
polynomial-time algorithm that for every instance with two types of
chores finds an fPO allocation A and agent ¢* € N such that:
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Figure 1. Results for synthetic data for (a) Envy Graph, (b) Round Robin, and (c) PO algorithms. Grey tiles indicate no samples.

(1) only agent ¢* may receive chores of two different types,

(2) every agent i € N for which vy /v;¥ < v} /vl receives only
items of type X,

(3) every agent i € N for which vy /v;¥ > v} /v) receives only
items of type Y, and

(4) in the instance with identical valuations obtained from Z by
changing valuations of every agent to that of agent i*, i.e., ' =
(N, M, v;=), allocation A is EF1.

Thus, it suffices to show that the allocation satisfying these con-
ditions is also DEF-(n — 1). To this end, for every chore ¢ of type
X orY let us set p(c) = v;x or p(c) = vy, respectively. First, let
us show that in such a case (A, p) is a Fisher market equilibrium. To
this end, observe that for every agent i € N with v¥ /v;s < v} Jvi
we have that M P B; consists of all chores of type X. And by con-
dition (2), these are the only chores that agent ¢ receives. Analo-
gously, from condition (3) we get that every agent i € N for which
v / vy > o) / vy receives only its minimum pain per buck chores
as well. Finally, for agent ", we get that M PB;~ = M. Hence,
every agent receives only its minimal pain per buck chores, which
means that (4, p) is indeed a Fisher market equilibrium.

Now, let us show that (A, p) is pEF1. Fix arbitrary agents 7,5 €
N.If A; # (), then by condition (4) there exists ¢ € A; such that
v (A; \ {c}) > vi(A;). Thus, we get p(A; \ {c}) > p(A;), which
means that (A, p) indeed is pEF1. Therefore, the thesis follows from
Lemma 1. O

6 Experiments

We experimentally investigate the minimal number of dubious chores
needed to make an allocation EF. We generated a synthetic data set
varying the number of agents n from 3 to 10 and chores m from 3
to 10 or 20. For each pair (n, m), we generated 100 instances with
independent binary valuations such that for each ¢ € N and ¢ € M
the valuation v;(c) is —1 with probability 0.7 and 0 with probability
0.3. To avoid the trivial EF case, we assert m > n and set the last
chore in each instance to be valued at —1 for each agent.

Next, we computed allocations using three different algorithms:
(a) Envy Graph, (b) Round Robin, and (c) PO. The first two
produce a single allocation per instance that satisfies EF1. The last
algorithm searches through all PO allocations and returns one that is
DEF-k for minimal k. Figure 1 shows heatmaps of average minimum
number of dubious chores needed to make the output allocations EF.

In Figure 1a, we see that this minimum count for Envy Graph
allocations increase with the number of agents or chores. For Round
Robin, in Figure 1b, we see that this count also increases with the
number of agents but decreases as we have more chores. This may be

explained by the fact that with a large number of chores, it is easier
for agents to choose chores valued O to them but possibly —1 to other
agents. With many chores assigned this way, the envy can be reduced
using a smaller number of dubious chores. Moreover, observe that the
average number of dubious chores needed is generally smaller for
allocation Round Robin than with Envy Graph. The difference
between these two algorithms matches our theoretical findings, as we
have an n — 1 bound for Round Robin (Theorem 3), but the same
bound for Envy Graph does not hold (Example 2).

Finally, when looking at the optimal PO solution in Figure 1c, we
see that the required number of dubious chores increases with the in-
crease in the number of agents, but drops sharply, when we increase
the number of chores. In fact, whenever the number of chores is not
almost equal to the number of agents, we can obtain envy-freeness
with one or zero dubious chores in most cases. All in all, our experi-
ment shows that in practice the number of dubious chores needed is
much smaller than our theoretical guarantees indicate.

7 Conclusion

We have proposed a novel epistemic framework for fair allocations
of chores through the introduction of dubious chores and DEF-k, an
approximation of envy-freeness which details the trade-off between
fairness and transparency of an allocation. Although finding DEF-
k allocations with small k£ is computationally hard, we have pro-
vided several guarantees for the existence of such allocations with
and without Pareto optimality. Our experimental results suggest that
the number of dubious chores required to make an allocation free of
envy is lower in practice than our theoretical guarantees indicate.

Some of the problems considered in this paper are still not fully
resolved. In particular, the existence of a DEF-(n — 1) and PO chore
allocation in every instance for agents with additive valuations seems
possible. Proving this can be a valuable step to resolve the open ex-
istence problem of EF1 and PO allocations for chores.
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