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Abstract. This article proposes a random constrained dual parameter ridge estimator
with random constraints for the problem of multicollinearity in linear regression
model. Under the mean square error matrix, the superiority of the new estimator
over the dual parameter ridge estimator, common mixed estimator and random
constrained ridge estimator is discussed. And the theoretical results are
demonstrated through a numerical example and a simulation study.
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1. Introduction

In a linear regression, the ordinary least square estimator (OLSE) is unbiased and has the
smallest variance among all linear unbiased estimators. It has long been considered the
best estimator. However, when there is infamous multicollinearity, OLSE may be highly
variable, despite its minimum variance natures in linear unbiased estimation classes.
Many statisticians think how to enhance OLSE. One approach is to use biased estimators
such as Hoerl and Kennard [1], Liu [2], Yang and Chang [3], Wu and Yang [4], Akdeniz
and Erol [5], and others.

Another method for dealing with multicollinearity problems is to consider
parameter estimators with sample information. If the sample information is linearly
constrained, Zhong and Yang [6] presented a constrained ridge estimator, Ozkale and
Kaciranlar [7] proposed a constrained dual parameter estimator, and Wu [8] proposed a
constrained r-d class estimator. When the sample information is subject to random
constraints, Theil and Goldberger [9] proposed a common mixed estimator. Li and Yang
[10] propose a stochastic constrained ridge estimator, Li and Yang [11] proposed a
stochastic constrained dual parameter estimator, and Alheety [12] proposed a stochastic
constrained ridge estimator.

For this article, when the random linear constraint is established, we combine the
dual parameter ridge estimator and the mixed estimator to propose a dual parameter ridge
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estimator with random constraints. We discussed the performance of the new estimator
relative to other competing estimators regarding the mean square error matrix criterion.
The new estimator has many advantages. Firstly, the new estimator is a general estimator
which contains many existing estimators. Secondly, under the mean square error matrix
criterion the new estimator is better than other existing estimators.

The remaining parts of this article are arranged as follows: In Section 2, we
described the model and proposed new estimator. Section 3 compares the new estimator
with the competing estimator based on the mean square error matrix criterion. In Section
4, the advantages of new estimator is demonstrated through an actual data example an a
simulation study. Section 5 introduces some discussions.

2. The new estimator

Consider the following linear model
y=XB+¢ee~N(0,02%) (1
where y is an m X 1 vector of dependent variable, X is an m X g matrix of the control
variables, 8 is a ¢ X 1 vector of unknown regression coefficients.
The ordinary least square estimator is often used to estimate regression coefficients
B=XX)"Xy (2)
To overcome multicollinearity, Hoerl and Kennard [1] proposed the ridge estimator (RE),
which is defined as follows:
Bl = X'X+kD'X'y ©)
where k > 0, / shows an identity matrix.
The dual parameter ridge estimator (DPRE) [7] is defined as
ﬁ(k: d) = deB 4)
where Tyqg = SSid,S = X'X,Spa = X'X + kdl,k > 0,0<d < 1.
Let’s provide some prior information in the form of a set of # independent random
linear constraints, as follows:
r=Rf+e (5)
where R is a n X q known matrix with rank(R) = n, e isa g X 1 vector of disturbances
with expectation 0 and covariance matrix oW, W > 0.
With the constraint model (1) and (5), the common mixed estimator (CME)
introduced by Theil and Goldberger [9] is defined as

Beme = X'X + RWTIR) X (X'y + RW™'r) (6)
Li and Yang [10] presented the random constraint ridge estimator (RCRE)
Brere = (X'X + RW'R)"Y(T\ X'y + RW™'r) (7)

where T, = SS; 1, where S, = X'X + kI.

Now, we are preparing to propose a new constraint estimator in a random
constrained linear regression model. Then combining CME with DPRE, we can propose
a random constrained dual parameter ridge estimator (RCDPRE) as follows:

Breppre(k,d) = (X'X + RW™R) ™ (T X'y + R'W™'r) )
By the definitions of frcppre (k, d) that is a general estimator that include the CME,
RCRE, DPRE as special cases.
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3. The properties of RCDPRE

For this section, we will compare the new estimator with CME, RCRE and DPRE under
the mean square error matrix. We provide the definition of the mean square error matrix
(MSEM). The MSEM of one estimator is denoted as

MSEM(B") = E[(B"— B)(B" — B)'] ©)
And (9) is equivalent to

MSEM(B") = Cov(B") + [Bias(B")][Bias(B")]’ (10)
Where Bias(B*) = E(Bb™) — B is the bias estimator. For two given estimators
By, B, the estimator f, is said to be superior to B, in the MSEM criterion, if and only if
A( By, Bo) = MSEM( ;) — MSEM( B,) = 0

Now we present some lemmas.
Lemma 1 (Farebrother [13]) Let M > 0 and a be some vector, the M — aa’ = 0 & if
a'Mla < 1.
Lemma 2 (Rao et al. [14]) Let M > 0,N > Othen M > N & A;(NM™1) < 1, where
A (NM~1) denotes the maximum eigenvalues of NM ™1,

Firstly, we can compute the MSEM of the estimators CME, RCRE, DPRE and
RCDPRE as follows:

MSEM (Bppre) = 0°TqS ™ Tia + b1b; (11)

MSEM (Beyp) = 024 (12)

MSEM (Brcre) = 02A(T ST, + RW™1R)A + b, b} (13)
MSEM (Breppre) = 02A(TiaSTra + R'WR)A + b3b} (14)

where A = (X'X + RW™IR)™L, b, = (Tyy — DB, b, = A(Ty — )B,bs =
A(Tya — DB.
Now we study the following differences:

A= MSEM(BDPRE) - MSEM(BRCDPRE)

= 0%TqS Txq + b1b] — 0%A(TqSTia + R'W1R)A — b;b}

= 02D, + byb] — b3b} (15)
Ap= MSEM(.BCME) - MSEM(,BRCDPRE)

=024 — 02A(TxqSTxq + RW™IR)A — b3b}

= 02D, — b3b} (16)
Az= MSEM(.BRCRE) - MSEM(.BRCDPRE)

= 02A(T ST, + RW™R)A + byb) — 6%A(TiqSTiq + RW ™ IR)A — b3b}

= 0%D; + b,b} — b3b} (17)
where Dy = TjoqS Trq — A(TiqSTa + RW ™ IR)A, D, = A — A(TyqSTiq +
R'W™R)A, D3 = A(Ty STy + RW 'R)A-A(TyqSTra + RWIR)A.

Below we will provide their comparison.

Theorem 1 When A, (A(TqSTkg + RW R)A(T\,yS *Tiy)™ 1) < 1, the RCDPRE is
better than the DPRE in the MSEM sense, if b}(c2D; + bybj)b; < 1.
Proof Since TyyS Tyg > 0, A(TxqSTra + RW™IR)A > 0. When A (A(TiqSTrq +
R'W™IR)A(TqS 1Twq)™1) < 1, by Lemma 2, we can see that D; > 0, so from (15) and
Lemma 1, we get that A;> 0 if and only if b, (62D, + b,b;)b, < 1.
Theorem 2 If b{D; *b; < o2 the RCDPRE is better than the CME in the MSEM sense.
Proof We can that D, = A — A(TyqSTiq + RW™IR)A = A(S — TyqSTia)A. As S >

.....
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. kd(kd + 2n)n;
S - deSde = Hdlag(W)H
L

So we have D, > 0, that is the RCDPRE is superior to the CME if and only if bD5 b5 <

2
o°.
Theorem 3 If b(c?D5 + b,b3)b; < 1, the RCDPRE is better than the RCRE in the
MSEM sense.
Proof We can that D3 = A(T, ST, + RW ™ IR)A — A(T4qSTwqa + RW™IR)A =
A(T STy, — ATy qSTyq)A. By theorem 2, we have

TySTy — TyaSTyq = Hdiag (ke * 20+ iy

So we have D; > 0, that is the RCDPRE is superior to the RCRE if and only if
b5(c%D; + b,b5)bsy < 1.

4. Numerical example and Simulation study
4.1 A numerical example

To explain our theoretical results, we have now studied in this section the dataset
originally provided by Gruber [15] and later discussed by Akdeniz and Erol [5]. In this
article, we studied the same data in an attempt to demonstrate that RCDPRE
outperforms CME, RCRE and DPRE.

With this data, we know that § = (0.6455,0.0896,0.1436,0.1536)' , with
MSEM(B) = 0.0808, 0,5 = 0.0015.

Consider  the  following  stochastic  restrictions: r=Rf+¢eR =
(1,-2,—2,-2),e~N(0,52). Then we can get the MSE of CME, RCRE, DPRE and
RCDPRE.

Table 1. MSE values of CME, RCRE and DPRE and RCDPRE for d=0.1

k 0 0.001 0.002 0.003 0.005 0.01 0.02 0.05

DPRE 0.0808 0.0769 0.0736 0.0708 0.0662 0.0601 0.0601 0.0857
CME 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454
RCRE 0.0454 0.0439 0.0440 0.0452 0.0520 0.0672 0.0969 0.1160

RCDPRE  0.0454 0.0452 0.0450 0.0448 0.0444 0.0439 0.0440 0.0500

Table 2. MSE values of CME, RCRE and DPRE and RCDPRE for d=0.2

k 0 0.001 0.002 0.003 0.005 0.01 0.02 0.05

DPRE 0.0808 0.0799 0.0792 0.0784 0.0769 0.0736 0.0683 0.0601
CME 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454
RCRE 0.0454 0.0439 0.0440 0.0452 0.0520 0.0672 0.0969 0.1160

RCDPRE  0.0454 0.0450 0.0446 0.0443 0.0439 0.0440 0.0473 0.0672
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Table 3. MSE values of CME, RCRE and DPRE and RCDPRE for d=0.4

k 0 0.001 0.002 0.003 0.005 0.01 0.02 0.05
DPRE 0.0808 0.0792 0.0776 0.0762 0.0736 0.0683 0.0618 0.0601
CME 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454 0.0454
RCRE 0.0454 0.0439 0.0440 0.0452 0.0520 0.0672 0.0969 0.1160

RCDPRE  0.0454 0.0445 0.0436 0.0428 0.0414 0.0388 0.0368 0.0437

With Tables 1-3, we get that in most cases the new estimator is better than the CME,
RCRE and DPRE. And we also can see that with small d, the new estimator performs
well. So, we can see our new estimator is meaningful in practice.

4.2 A simulation study

In this subsection, we give a simulation study to show the performance of the new
estimator. Following Akdeniz and Erol [5], we use the following formula to generate
correlated variables:
xij = (1_92)0'52L‘j + QZip

In this paper, we can consider 8 = 0.99,n = 50,100,150, q = 4, 62=0.05. We list the
simulation results in Tables 4-6.

By the simulation, we find that the new estimator is always better than DPRE and
RCRE. In most cases, the new estimator is better than CME. With large sample size n,
the new estimator performs well.

Table 4. MSE values of CME, RCRE and DPRE and RCDPRE for n =50

k 0 0.001 0.002 0.003 0.005 0.01 0.02 0.05
DPRE 0.152 0.152 0.152 0.153 0.154 0.163 0.201 0.457
CME 0.0898  0.0898 0.0898 0.0898 0.0898 0.0898 0.0898  0.0898
RCRE 0.0898  0.0897 0.0898 0.0900 0.0910 0.0961 0.1174  0.2626

RCDPRE  0.0898  0.0897 0.0897 0.0897 0.0897 0.0898 0.0904  0.0961
Table 5. MSE values of CME, RCRE and DPRE and RCDPRE for n=100

k 0 0.001 0.002 0.003 0.005 0.01 0.02 0.05
DPRE 0.0757 0.0756 0.0756 0.0756 0.0757 0.0766 0.0811 0.1139
CME 0.0517 0.0517 0.0517 0.0517 0.0517 0.0517 0.0517 0.0517
RCRE 0.0517 0.0516 0.0516 0.0515 0.0515 0.0515 0.0520 0.0578

RCDPRE  0.0517 0.0516 0.0516 0.0515 0.0515 0.0515 0.0515 0.0515
Table 6. MSE values of CME, RCRE and DPRE and RCDPRE for n=150

k 0 0.001 0.002 0.003 0.005 0.01 0.02 0.05
DPRE 0.0600 0.0600 0.0600 0.0600 0.0601 0.0609 0.0644 0.0906
CME 0.0415 0.0415 0.0415 0.0415 0.0415 0.0415 0.0415 0.0415
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RCRE 0.0415 0.0415 0.0414 0.0414 0.0413 0.0413 0.0414 0.0440

RCDPRE  0.0415 0.0414 0.0412 0.0412 0.0408 0.0407 0.0406 0.0400

5.

Conclusions

In this article, when it is assumed that the additional random linear constraint on the
parameter vector is true, the RCDPRE of the parameter vector in the linear regression
model is given, and some properties of the estimator are studied. Specifically, we have
demonstrated that under certain conditions, the proposed estimator outperforms CME,
RCRE, and DPRE in terms of mean square error matrix. Finally, we use a numerical
example and a simulation study to explain our findings.
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