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Abstract. The traveling salesman problem (TSP) is a well-known optimization 
problem that seeks to find the shortest possible route that visits a set of points and 
returns to the starting point. In this paper, we apply some heuristics of the TSP for 
the task of restoring the DNA matrix. This restoration problem is often considered 
in biocybernetics. For it, we must recover the matrix of distances between DNA 
sequences, if not all the elements of the matrix under consideration are known at the 
input. We consider the possibility of using this method on the testing of distance 
calculation algorithms between a pair of DNA’s to restore the partially filled matrix. 

Keywords. Optimization Problems, DNA matrix, partially filled matrix, traveling 
salesman problem, heuristic algorithms. 

1. Introduction 

This paper is a continuation of our previous works [1-3]. We continue the consideration 
of the application multiheuristic approach to discrete optimization. In it, we add several 
auxiliary heuristic algorithms to the “usual” variants of the branch-and-bound algorithm, 
which are almost equally implemented in different subject areas. It is important to note 
that the greatest effect of these auxiliary heuristics is usually given by their simultaneous 
application, i.e. in the complex.  

There is often necessary to calculate the distances between sequences of different 
nature. Fuzzy search algorithms are considered to be the basic systems for controlling 
spelling errors and full-format information search systems similar to Google or Yandex. 
The fuzzy search system acts as a very useful option for all search engines. But at the 
same time, its full-format execution will be significantly more complicated than 
performing a simple search using an exact match algorithm. The problem of fuzzy search 
is formulated as follows: there is a given word and we need to search in a text or 
dictionary of the given size, all words that match the given word (or start with the given 
word), given some possible differences. 

There are various such algorithms for genomes, but the obvious disadvantage in 
calculating the distance between the same pair of DNA strings is obtaining different 
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results when using different algorithms. In the cited papers, we have considered some of 
these algorithms. 

The other problem considered in biocybernetics is the recovering the matrix of 
distances between DNA sequences, when not all elements of the considered matrix are 
known at the input of the algorithm. The algorithms calculating the exact value of the 
distance between two sequences is not applicable, and to estimate the distance between 
such chains, one has to use heuristic algorithms, which give approximate results. At the 
same time, even such heuristic algorithms require large time costs: for example, to build 
a matrix of the order of 50×50, in which the distances calculated by the 
Needleman – Wunsch algorithm are recorded, it takes about 28 hours (with a processor 
clock frequency of the order of about 3 GHz). 

Thus, to determine the distance between genomes the use of developed and 
researched was considered previously, where we used methods of comparative 
evaluation of algorithms calculate the distance between a pair of DNA chains for 
reconstructions of the partially filled distance matrix. The matrix restoration is 
considered as a result of multiple computer gateways. Assessment the unknown elements 
of the matrix are organized in a special way. 

Continuing to improve the algorithms, we consider the use of the branch-and-bound 
method in it. To do this, for some known sequence of unfilled elements, we apply the 
algorithms we considered before, but now we choose the special sequences of elements. 
In our interpretation of the branch-and-bound method, all possible sequences of unknown 
elements of the upper triangular part of the matrix are taken as the set of admissible 
solutions. In each current subtask, any of the blank elements of the matrix is taken as the 
separating element, and the sum of the badness values for all triangles that have already 
been formed by the time this subtask is considered is taken as the bound. Thus, the 
definition of elements of an incompletely filled matrix occurs in such a sequence that the 
final badness value for all triangles is selected using greedy heuristics that fits completely 
into the framework of the classical variants of the description of the branch-and-bound 
method. 

As a result of applying such an algorithm, we get the lowest possible badness (in the 
case of a completed version of the branch-and-bound method), or close to optimal ones. 
In our computational experiments, the running time of the algorithm practically coincides 
with the time of the algorithm considered before (it exceeds it by no more than 10%), 
and the badness value usually decreases by 20-40% from the initial value. Thus, we are 
able to quickly and efficiently restore the DNA matrix, often even if it is filled less than 
40%. In this paper, we shall consider the following questions: 

• a brief statistical study of the problem of DNA matrix reconstruction of small 
dimensions (Section 2); 

• the mathematical justification of the correctness of the constructions being 
made (Section 3); 

• the consideration of the application example of the method of the branch-and-
bound algorithm in the problem of reconstructing a DNA template (Section 4). 
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2. A brief statistical study of the problem of DNA matrix reconstruction of small 
dimensions 

In this section, we consider a problem of reconstruction of the matrix of distances 
between DNA sequences. This problem belongs to the field of biocybernetics was 
previously described by the first author in [4-5]. The task is to restore the elements of the 
distance matrix between DNA sequences. As a rule, about 50% of the matrix elements 
are known. To solve this problem, it is advisable to use the so-called anytime-algorithm 
[6], which would allow to track the gradual recovery of the elements of the matrix of 
distances. The paper [7] investigates algorithms for solving the problem of restoring a 
low-rank matrix with an arbitrarily damaged fraction of its elements. This problem can 
be considered as a reliable version of the classical principal component analysis [8] and 
occurs in a number of applications, including image processing, web data ranking and 
bioinformatics’ data analysis. 

The distance matrix reconstruction algorithm is based on the analysis of all possible 
triangles in the distance matrix. For each triangle, the value of badness is calculated, the 
tracking of which is part of the heuristic approach (see [4] for details). However, if we 
pass through the elements of the matrix “left to right” and “top to bottom”, we can get 
unwanted results with a significant increase in badness for previously studied triangles. 
One approach to work around this problem is to form a sequence of subtasks by 
modifying the branch-and-bound algorithm [5]. In this case, the badness matrix value 
will act as the boundary value in the classical branch-and-bound algorithm [9-10]. Our 
goal is to consider various statistical indicators arising from the reconstruction of 
matrices described in [5] by the modified branch-and-bound algorithm. Below are the 
results of our statistical study of the DNA matrix of small dimensions for the problem of 
reconstruction. The results of our computational experiments are given in Table 1 (see 
some comments below). As in the case of the previous problem (TSP), we answered only 
one question: how often at least 1 pair of similar matrices occurs when applying the first 
few steps of the “classical” branch-and-bound algorithm. However, in comparison with 
the TSP and the previous section, we have replaced the word “identical” with the word 
“similar”: in this case we consider similar matrices in which the sets of empty elements 
coincide. It is easy to make sure (also, for example, by computational experiments) that 
the further work of the branch-and-bound algorithm with two similar matrices in the vast 
majority of cases occur with the same order of selection of not yet filled matrix elements. 

Table 1. The number of cases (out of 1000 considered), for which at least one pair was obtained. 

 30 40 50 60 70 
5 142/143 121/128 87/100  
10  196/401 173/363 166/334  
15  294/592 210/456 332/356 

Generation of input data was carried out based on the matrix obtained working with 
matrices obtained by applying the algorithm of the Needleman – Wunsch [11]. We 
applied this algorithm to the mDNA chains of different animals taken from the NCBI 
data Bank [12], and sequenced mDNA chains were taken for one representative of each 
of the 28 mammalian orders (mammalian classification is chosen according to [13], other 
classification options were not considered). For this matrix, we randomly, applying a 
uniform distribution, chose the desired number of its rows / columns (5, 10 or 15), 
obtained a matrix of smaller dimension, which left the desired percentage of elements 
(from 30% to 70%). For each pair consisting of the dimension and the percentage of 
deleted items, we have done 1000 of these generations. Next, we ran the method of the 
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branch-and-bound algorithm, but, in contrast to the consideration of the TSP in the 
previous section, the last parameter was not the number of steps of the branch-and-bound 
algorithm, and the number of resulting subproblems: when we receive 10 (or 30) of the 
subproblems, we calculate the stop. Also, of course, we stopped the calculations and 
when we get two similar matrices, and it is the number of such options (out of 1000 
possible) and is reflected in Table 1. The format of the submitted data is as follows. 

• The lines specify dimension. 
• The columns indicate the percentage of deleted items. For example, if the size 

is news 10, we have only 45 items located above the main diagonal; removing 
40% means removing 18 items from them. 

• In each of the filled cells-the results of calculations for this case: the number of 
cases (out of 1000 considered) for which at least one pair was obtained. 

• In this case, the first value in the cell is given for calculations that stopped after 
receiving 10 subtasks, and the second is after receiving 30 subtasks. 

3. The mathematical justification of the correctness of the constructions being 
made 

As we said above, we use heuristics previously used to solve the traveling salesman 
problem. The possibility of their use is due to the fact that for a certain point of the 
distance matrix, which represents the distance between two species, we consider a 
triangle that is three distances between three species, and denote the remaining two sides 
of this triangle as two segments of the traveling salesman problem. 

For each such pair of points ൫𝑥௦, 𝑦௦൯ and ൫𝑥௦శభ, 𝑦௦శభ൯, we can define two cubic 
functions in the following way. 𝑋(𝑡)and𝑌(𝑡) for 𝑡 ∈ [𝑡, 𝑡ାଵ] ≡ Ω  𝑋(𝑡) = 𝑎௫, + 𝑏௫,(𝑡 − 𝑡) + 𝑐௫,(𝑡 − 𝑡)ଶ + 𝑑௫,(𝑡 − 𝑡)ଷ,𝑌(𝑡) = 𝑎௬, + 𝑏௬,(𝑡 − 𝑡) + 𝑐௬,(𝑡 − 𝑡)ଶ + 𝑑௬,(𝑡 − 𝑡)ଷ.  

The coefficients 𝑎௫,, 𝑏௫,, 𝑐௫,, 𝑑௫,, 𝑎௬,, 𝑏௬,, 𝑐௬, , and 𝑑௬,  can be determined by 
imposing the following conditions. 

The cubic functions pass through the points: 𝑋(𝑡)  = 𝑥௦,𝑋(𝑡ାଵ)  = 𝑥௦శభ,𝑌(𝑡)  = 𝑦௦,𝑌(𝑡ାଵ)  = 𝑦௦శభ.  

The first and second derivatives are continuous at the junctions: 
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𝑋ᇱ(𝑡ାଵ)  = 𝑋ାଵᇱ (𝑡ାଵ),𝑋ᇱᇱ(𝑡ାଵ)  = 𝑋ାଵᇱᇱ (𝑡ାଵ),𝑌ᇱ(𝑡ାଵ)  = 𝑌ାଵᇱ (𝑡ାଵ),𝑌ᇱᇱ(𝑡ାଵ)  = 𝑌ାଵᇱᇱ (𝑡ାଵ).   

We denote the sets of piece-wise functions as: 

𝑋(𝑡) = ൞𝑋ଵ(𝑡), for 𝑡 ∈ [𝑡ଵ, 𝑡ଶ]𝑋ଶ(𝑡), for 𝑡 ∈ [𝑡ଶ, 𝑡ଷ]⋯ ,𝑋ே(𝑡), for 𝑡 ∈ [𝑡ே, 𝑡ேାଵ]  

and 

𝑌(𝑡) = ൞𝑌ଵ(𝑡), for 𝑡 ∈ [𝑡ଵ, 𝑡ଶ],𝑌ଶ(𝑡), for 𝑡 ∈ [𝑡ଶ, 𝑡ଷ],⋯ ,𝑌ே(𝑡), for 𝑡 ∈ [𝑡ே, 𝑡ேାଵ].  

Then we define the functional Φ[𝑋, 𝑌] as follows: 

Φ[𝑋, 𝑌] ≡ ଵே ⋅ ∑  ேୀଵ  ൬ቀ𝑥௦ఋ − 𝑋(𝑡)ቁଶ + ቀ𝑦௦ఋ − 𝑌(𝑡)ቁଶ൰ +𝛼 ⋅ ቀ|𝑋ᇱᇱ(𝑡)|మ(ஐ)ଶ + |𝑌ᇱᇱ(𝑡)|మ(ஐ)ଶ , ቁ ;   (1) 

Φ[𝑋, 𝑌] ≡ ଵே ⋅ ∑  ேୀଵ  ൬ቀ𝑥௦ఋ − 𝑋(𝑡)ቁଶ + ቀ𝑦௦ఋ − 𝑌(𝑡)ቁଶ൰ +𝛼 ⋅ ቀ|𝑋ᇱᇱ(𝑡)|మ(ஐ)ଶ + |𝑌ᇱᇱ(𝑡)|మ(ஐ)ଶ ቁ ;   

here, the domain Ω is the union of all the segments' domains, i.e., Ω = ⋃  ேୀଵ Ω  

Let 𝛼 be such that the minimizing elements 𝑋ఈ(𝑡) and 𝑌ఈ(𝑡) of Φ[𝑋, 𝑌] satisfy: 

ଵே ⋅ ∑  ேୀଵ ൬ቀ𝑥௦ఋ − 𝑋ఈ(𝑡)ቁଶ + ቀ𝑦௦ఋ − 𝑌ఈ(𝑡)ቁଶ൰ = 𝛿ଶ.  

We find the minimizing elements 𝑋ఈ(𝑡) and 𝑌ఈ(𝑡) of Φ[𝑋, 𝑌] : (𝑋ఈ(𝑡), 𝑌ఈ(𝑡)) = arg min,  Φ[𝑋, 𝑌]. (2) 

These minimizing cubic spline functions 𝑋ఈ(𝑡)  and 𝑌ఈ(𝑡)  will provide the best 
approximation of the true path, given the noisy data and the chosen smoothness 
parameter 𝛼.. 
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4. The consideration of the application example of the branch-and-bound 
algorithm 

Each matrix has a number of characteristics that affect the outcome of the branch-and-
bound method. One of these characteristics included in this list is the percentage of 
deleted items. On Figure 1, there is a selection of the results of the method for the 
problem discussed in the previous sections, for 5×5 matrices with the removal of 40%, 
50% and 60% of the elements of the original matrix. 

 
Figure 1. The selection of the results, 5x5. 

The following graph (Figure 2) shows the average percentage of successful 
recoveries based on the percentage of deleted items. 

  
Figure 2. The average percentage of successful recoveries, 5x5. 

The results of similar numerical experiments for 10×10 matrices are given on Figure 
3. 

We also present a graph of the average number of successful recoveries, Figure 4. 
Compared to the previous results for 5×5 matrices, it is noticeable that the 

percentage of successful recoveries has increased significantly. This seems to be due to 
the fact that there is more room for triangle selection and element recovery during the 
computational process. With a further increase in the dimension of the matrices, we 
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observe the tendency of the percentage of successful recoveries to 100 with the specified 
percentage of deleted elements (40%, 50%, 60%), see Figure 5. 

  
Figure 3. The results of numerical experiments for 10×10 matrices. 

 
Figure 4. The average percentage of successful recoveries, 10x10. 

 
Figure 5. The tendency of the percentage of successful recoveries. 
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The next interesting characteristic is the height of the decision tree (i.e., the 
maximum path length from the tree root to the leaf). In the presented graphs it is clearly 
seen that the average value of the height of the decision tree for the matrix 5×5 is not too 
varies with the percentage of deleted elements. 

It also makes sense to look at the change in the height of the decision tree depending 
on the dimension of the matrix with a fixed number of deleted elements. The two 
diagrams below illustrate this comparison, see Figure 6 and Figure 7. 

 
Figure 6. The height of the decision tree, 40% of deleted elements. 

 
Figure 7. The height of the decision tree, 60% of deleted elements. 

5. Conclusion 

The statistical regularities obtained by us in this article are actually the probability of a 
successful situation, which makes it possible not to calculate the separating element once 
again. According to our calculations, obtained also in the course of computational 
experiments, the choice of the separating element in some variants of the branch-and-
bound algorithm is spent more than 99% of the time of the program. Therefore, the results 
provide a rationale for the application of clustering situations in the development of 
algorithms for solving discrete optimization problems using the branch and bound 
method. This application gives easily observed improvements of the algorithm; it is this 
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variant, from our point of view, reflects the representativeness of the data in many real 
problems. 
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