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Abstract. In this paper, the generalized countable fuzzy semi-compactness is

defined in LTS, and its weak topological invariance and topological generation are
proved. When L is complete Heyting algebra, the union of two generalized

countable fuzzy semi-compactness L-set is generalized countable fuzzy semi-
compactness; the intersection of a generalized countable fuzzy semi-compactness
L-set and a generalized semi-closed countable L-set is generalized countable fuzzy
semi-compactness.
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1. Introduction

In 1976, the concept of fuzzy compactness is introduced in [0,1]-TPS(]0,1] —topological
Spaces) by reference[1]. In 1988, [2] extended it to LTS, where L is a completely
allocated DeMorgan algebra. [3] proposed a new definition of fuzzy compactness in LTS.
[4] studies the countably compactness of L-set.[S]gives the Generalized semi-open L-
sets and generalized semi-closed L-sets. [6]gives the concept of generalized fuzzy semi-
compactness, properties of generalized fuzzy semi-compactness and some equivalent
characterizations.[7]-[14]many experts have studied the related properties of
compactness and semi-compactness in L-topological Spaces.[15]-[19]experts have
studied some properties of compactness by means of operators. This paper gives the
definition of generalized countable fuzzy semi-compactness, Some of its properties are
studied. The remaining concepts and notations not described in the text can be found in

[2]. For convenience, we will hereafter refer to L — topological space as LTS for short.

2. Related works

In this paper, the compactness of LTS is extended on the basis of [6], and some related
properties of [6] are studied. On this basis, the weak topological invariance and
topological generatability of generalized countable fuzzy semi-compactness are also
studied.

1 Corresponding author, Xiaoxia WANG, Yan’an University , Yan’an 716000, China; E-mail: yd-
wxx@163.com.
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3. Preliminary Knowledge

In this part, we will review some primary concepts of generalized fuzzy semi-
compactness.

Definition 3.1[5]Hypothesis (LX ,0 ) is an LTS, B € L* .Then B is the generalized semi-
closed L — set, if the semi-open countable L —set U satisfying B<U thereis ¢/(B)<U .

B is called generalized semi-open if B’ is generalized semi-closed.
GSO(X ) is denoted as the sets of the all generalized semi-open L — sets on X and

GSC (X ) is denoted as the sets of the all generalized semi-closed L —sets on X .
Definition 3.2[6]Hypothesis (LX ,0 ) is an LTS, MeL" . If for each family
P < GSO(X) there is

N (M'(x)uD\EJPD(x)) < U N (M’(x)u U D(x)).

xeX yeaP) xeX DeV
Then M is called generalized fuzzy semi-compact.
Definition 3.3[7]Hypothesis (LX ,a) and (LY, ﬂ) are LF topological space,

f: (LX,a) - (LY,,B) is L — value Zadeh- type function, if VH € S have /™ (H) e« ,
f is called continuous.
Lemma3.1[8] Hypothesis (LX o, (F )) is an LTS induced by the distinct topological
space (X ya ) . Hypothesis U is the semi-open set in(X F ) , then y,, is the semi-open set
in (LX,a)L (F)) If R is the semi-open set in (LX,a)L (F)) , then forbe L, R(b) is the
semi-open set in (X, F) .

For the subset P = L*, 2" is denoted as the set of all finite subfamilies of P .

4. Generalized countable fuzzy semi-compactness

Definition 4.1 Hypothesis (LX ,0 ) is an LTS, M € L* . Hypothesis for every countably
family P = GSO(X ) there is

A (M’(x)uDLe)PD(x))s U m(M'(x)uDLE)VD(x)).

xeX yeaP) xeX
Then M is denoted generalized countable fuzzy semi-compact.
Definition 4.2 Hypothesis (LX ,5) isan LTS,ce L—{1}, M eL".A countable family

P < GSO(X)is called generalized semi-open countable ¢ —shading of M , hypothesis

for every x € X there is (M '(x)uDuPD(x)) <c . P is called generalized semi-open
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countable strong c—shading of M hypothesis for any xeX there is

A (M(x) o D(x))<e.

xeX

The generalized semi-open countable strong ¢ —shading of M is the generalized semi-
open countable c —shading of M .

Definition 4.3. Hypothesis (LX,5) is an LTS,ce L—{1} , M € L* .A countable family

QeGSC (X ) is called generalized semi-closed countable ¢ —remote family of M ,

hypothesis for every x € X there is (M (x)n B(x)) >c.Qis called generalized

BeQ
semi-closed countably strong ¢ — remote family of M , if Lj((M(x) mBmQB(x)) >c.

The generalized semi-closed countably strong ¢ — remote family of M is the generalized

semi-closed countably ¢ —remote family of M .
By Definition 4.1 and order inversing involution ,we will introduce theorem4.1.

Theorem 4.1. Hypothesis (LX ,5) is an LTS, M € L* .Then M is generalized countably

fuzzy semi-compact if and only if for any countably family Q € GSC (X ) , there is

U (M(x)mBQQB(x))z N U (M(x)mgm B(x)).

xeX Fez(g)xe)( eF

Theorem 4.2. Hypothesis M is generalized fuzzy semi-compact, then it is generalized
countable fuzzy semi-compact.

Proof. If M is generalized fuzzy semi-compact, by definition 3.2, for every family
P < GSO(X), there is

N (M'(X)UDLEJPD(X))S U m(M’(x)uuD(x)).

xeX yeaP) xeX DeV

There is certainly P GSO(X ) countable subsetV GSO(X ) meet

N (Mo U D)< Y A (M(x)ouD(x).

xeX ce2”) xex DeC

Prove that M is generalized countably fuzzy semi-compact.
By Definitions 4.1 and 4.2 we will introduce theorem4.3.

Theorem 4.3 Hypothesis (LX ,a) is an LTS, M € L* . Then M is generalized countably
fuzzy semi-compact if and only if for everyce L—{l} ,every generalized semi-open
countably strong ¢ —shading P of M has finite subfamily D is generalized semi-open
countably strong ¢ —shading of M .

By Definitions 4.1 and 4.3 we will introduce theorem4.4.

Theorem 4.4 Hypothesis (LX ,a) is an LTS, M € L" .Then M is generalized countably
fuzzy semi-compact if and only if for everyce L - {0} ,every generalized semi-closed

countably strong ¢ —remote family K of M has finite subfamilies C is generalized semi-
closed countably a — remote family of M .
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5. Properties of generalized countable fuzzy semi-compactness

Definition 5.1 Hypothesis (LX,S) and (Ly,,u) are LTS, f:(LX,é') —>(LY,,u) is an
homomorphism said to be a continuous order homomorphism if for any countably closed
set H in (Ly,,u) , /"'(H)is countably closed set in (LX,5) IfL=L=L,fisa

Zadeh- type mapping, f is said to be the L — continuum mapping from (LX ,5) to
(LY, ,u) .

Definition 5.2 Hypothesis (LX,5) , (Ly,y) isan LTS, f: (LX,é') NN (LY,,u) as the one-
to-one mapping, f and /' are L - continuous , says f is L — homeomorphism

mapping. The property that remains invariant under L — homeomorphism mapping is
called weak topological invariance.

Definition 5.3 Hypothesis (LX , @ (T )) is an LTS induced by the distinct topological
spaces(X ,T). Hypothesis U is the generalized semi-open countable set in, then y,, is
the generalized semi-open countable set of (LX , 0, (F )) If 4 is the generalized semi-
open countable set of (LX , (F )) ,2then forae L, A(a) is the generalized semi-open
countable set in (X, 7).

Theorem 5.1 Hypothesis (LX,5) and (LY,,u) are LTS, f:(LX,é‘)—>(LY,,u) is
continuous L — value Zadeh- type function and M e L* .Then f (M) is generalized
countably fuzzy semi-compact set in (LY , ,u) when M is the generalized countably fuzzy
semi-compact set in (LX ,0 ) .

Proof. Let P be countable family of / (M), then /™' (P) is a countable family of M .Is
defined by Definition 4.1 has

Q[ ) g, D)= o (W)Y s (D))

yel xeX DeP
< 9 a(Mr@o g O)@)= Y o700 (o y b).

That is f (M ) is the generalized countably fuzzy semi-compact set in (LY, ,u) .

Corollary 1 Generalized countable fuzzy semi-compact in L — topological spaces is
weakly topologically invariant.

Theorem 5.2 Makes L is a complete Heyting algebra.Hypothesis both M and N are
generalized countably fuzzy semi-compact, then M v N is generalized countably fuzzy
semi-compact.

Proof. For every countable family U € GSC (X ), given by theorem 4.1 have
((MoN) () o B(x)

xeX
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- {X\EJXM(x)m ) B(x)}u{u (N(x)r\ 8 B(x))}

BeU xeX BeU

21,2, 900 2 BE) o] 2, G (V@ £ 8)

U) xeX FealV) xeX
= 0, u(Mon))n o B(x))-
Therefore M v N is generalized countably fuzzy semi-compact.
Theorem 5.3 Hypothesis M is the generalized countably fuzzy semi-compact L — set,
N e GSC (X ) ,then M A N is the generalized countably fuzzy semi-compact L — set.

Proof. Since M is the generalized countably fuzzy semi-compact L — set,for every

countably family U € GSC(X), given by theorem 4.1 have

xg{((MmN)(x)mBQUB(x)) = Xg{(M(x AN B(x))

BeUU{N}

> N U (M(x)r\ M B(x))

FenlVUV) xex BeF

~{ o sl gse)lal g, g (M@ g 50)

realV) xex FeolV) xeXx

= N v ((MmN)(x)mBrg}B(x)).

Feal) xex
Therefore M A N is the generalized countably fuzzy semi-compact L — set.
Theorem 5.4 Hypothesis (LX o, (F )) is an LTS induced by the distinct topological

spaces (X,F), T = X , thenT is generalized countably fuzzy semi-compact in (X, F)
ifand only if y, is generalized countably fuzzy semi-compact in (LX o, (F )) :

Proof. < . Hypothesis I is generalized semi-open countable family of (LX o, (F )) ,
letxg(((;h) (x)uB\EJFB(x))=a.
When a =0, There is obviously

XQ((ZT)’(X)UBEJFB(X))S U A ((ZT)’(x)uBgYB(x)).

yve2D) xeX

Leta 0, then forb < ahaveb<XQ((()(T)'(x)uB\EJFB(x)) .

Thus {B(b) \Bel"} is generalized semi-open countable covering of 7 .By 7 is

generalized countable fuzzy semi-compact of (X I ) , exist Y e 2" make {B(b) |Be Y}
is generalized half-open countable covering of 7" .

Then b < m(u B\T(x)). Thus
xeT \BeY
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v< 02 11)0= o (() (9 ,50)

xel \BeY

< U N ((;(T )’ (x)u(BLE)rB(x))) , Thus have

Ye2ll) xeX

~ (;(T)’(x)uBkejrB(x))z a=Ulblb<als U Q{((gr)’(x)u(B%B(x)))

xeX Tel
Therefore y, generalized countable fuzzy semi-compact of (LX , 0, (F )) .

= .Hypothesis B be any generalized semi-open countable covering of 7' ,then
{x, |J € B} is the generalized semi-open countable sets in (LX o, (F )) and
A ((lr) (x)o U 7, (x))zl.

xeX

By x, is the generalized countably fuzzy semi-compact in (LX , 0, (F )) known,

A (( ) ()9( vz, (x))) -1,

YeolB) xeXx

There are Y € 2" make xg(((;(, ) (x) VY, (x)) =1.

xelT \Je

So N (]L)Y(ZJ |T)(x)) =1, thus {J |T|J e Y} is generalized semi-open countable

covering of 7, namely Y is generalized semi-open countable covering of 7" .

6. Conclusion

In this paper, the generalized countable fuzzy semi-compactness is defined in LTS. This

definition does not depend on the structure of L and does not require distributivity. As a
generalization of the compactness of L-topological Spaces, some good properties of the
generalized countably fuzzy semi-compactness are proved. In the future, can continue to
study some properties such as equivalent characterization and good generalization.
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