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Abstract. The accurate measurement of RMS values of voltage and current is
crucial for the monitoring and protection of power systems and in general for
electrical power distribution systems. The authors in this paper have developed an
algorithm to calculate the RMS value of sinusoidal signals of varying frequency, by
applying phasors obtained from digital filters SAL and CAL. In conditions in which
the frequency of the grid varies, a phase shift is presented in the phasor of the grid
voltage which is used for the design of a regulator that allows to obtain accurate
RMS voltage values. The choice of the SAL and CAL digital filters is due to their
low computational requirement, so they can be implemented in general-purpose
microcontrollers.

Keywords. RMS, phasors, digital filters, regulators

1. Introduction

The accurate measurement of RMS voltage and current values is crucial for the
monitoring and protection of power systems and power distribution systems in general.
One of the applications in which it is necessary to measure RMS voltage (Vrums) in a
simple and accurate way is smart grids, which are a reliable supply of energy [1]. The
applications include, in addition to transmission lines, the load monitoring in smart
homes and industries ([2], [3]) and power quality estimation [4].

Among the alternating current (AC) measurement techniques, the digital sampling
technique is the most widely used. The input signal is digitized using an analog-to-digital
converter (ADC) and the RMS value of the signal is calculated using a digital signal
processor (DSP). The achievable accuracy for any given bandwidth varies with the
accuracy of the ADC and the sampling rate [5].

The implementation of the algorithm based on the mathematical definition of RMS
in general-purpose microcontrollers requires of complex operations that imply a high
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computational cost. Although some microcontrollers already integrate hardware to
perform floating-point multiplication and division operations, in many cases other
platforms are selected to implement mathematical tools to improve the performance of
these operations ([6], [7]).

In real-time systems that require measuring RMS values as in ([8] - [10]), it is
necessary to explore other algorithms that allow accurate measurements and have: low
complexity, low computational cost and do not require specialized hardware; one of them
is described in [11], which presents an algorithm to accurately obtain the Vrms of the
electrical grid, using phasors obtained by applying the digital signals processing
techniques, specifically, using digital filters SAL and CAL.

The accuracy of the Vrums values obtained by applying these filters requires that the
selected sampling frequency is four times the frequency of the power grid. In this context,
in environments where the frequency of the network presents variations and maintaining
a constant sampling frequency, the above-mentioned requirement is not fulfilled,
therefore, the Vrus values obtained are not accurate.

This paper presents a new algorithm that uses the voltage phasor phase shift; because
of the variations of the grid frequency, and a regulator to adjust the sampling frequency
to four times the grid frequency, to fulfill the condition mentioned in the previous
paragraph and to get accurate Vrums values. Once the sampling time is adjusted, the actual
grid frequency can be estimated.

Section two defines the SAL and CAL filters and the calculation of the Vrus value.
Section three covers the analysis of the accuracy of Vrus values due to mains frequency
variation and the relationship between phasor phase variation and line frequency
variation. Section four describes the design of the regulator for the sampling frequency
adjustment and finally in section five we show the results of the obtained Vrums values as
well as the estimated network frequency.

2. Preliminaries

2.1. Definition of RMS value

The mathematical definition of RMS of a signal x(t) is given by equation (1)

Xaus = /%f{ x2(t)dt (1)

Where T is the period of the signal.
2.2. Phasor of a sinusoidal signal
Given a sinusoidal signal represented by equation (2)
v(t) = Vysin(wxt + @) )
Their phasor expressed in Cartesian form is given by the equation (3)

V = Vncos(@) + jVpusin (@) €)
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And its representation in polar form is given by equation (4)
V="V, 20 @)
Where:
V;,,: maximum value of the sinusoidal signal.
@: phase of the phasor fort = 0
2.3. Calculation of the phasor of v(t) using SAL and CAL filters

Given a sinusoidal signal of amplitude V,,,, with line frequency F; and phase ¢, defined
by equation (5)

v(t) =V,sin(2*m*F, xt + @) 5)

Discretizing (5) by t = k * T;, V k € Z, where Ty = 1/Fs is the sampling time. For
a sampling frequency Fs defined by equation (6), we obtain equation (7)

Fs=4x F (6)
v(k) = Vmsin(g *k+ @) (7

Using the finite impulse response filters (FIR), whose coefficients are defined by the
second and third one-dimensional Walsh functions [12], designed SAL and CAL by
Harmuth (1969) and used in [11], we have:

SAL v(k) + vk—1)—v(k —2) —v(k —3) ®)
CAL = v(k) —vk—-1)—v(k —2)+v(k—3) 9)

by replacing (7) in (8) and (9) we get

SAL = =22V, cos(g xk+ @+ %) (10)
CAL = zﬁvmsin(g*k+ o+ g) (11)

Making
p=2xk+ o+ (12)

And knowing that V,, = VgsV2 and (12), (10) and (11) can be written as:
SAL = —4Vgys cos ¢ (13)
CAL = 4Vgys sing (14)

Using (13) and (14) we can express the phasor X by the following equation
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X =—SAL + j(CAL) (15)

and its representation in polar form is given by the equation (16)
X = 4Vrys2 ¢ (16)

From (16) we obtain the RMS value of the sinusoidal signal v(t) defined in (2), given
by equation (17)
X|

Vems = —
RMS = 7

(17)

3. Statement of the problem

This section analyzes the error of the algorithm to calculate the RMS voltage of the line,
using the SAL and CAL filters due to a frequency variation in the grid, given by the
following equation

v(t) = 220 V2 * sin(2r(F, + a)t) (18)

Where F;= (60 + o) Hz, is the frequency of the mains voltage with a nominal mains
frequency equal to 60, a variation a and an RMS amplitude of 220V.

Using (18) and the procedure described above, we find the magnitude and phase
variation of phasor X, for a fixed sampling frequency Fs = 240Hz y @ = +1Hz, with
respect to the number of frames, where a frame is defined by a set of four samples taken
sequentially. The simulation results are shown in Fig. 1.a and 1.b respectively.
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Figure 1.a Amplitude variation of RMS voltage
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Figure 1.b Phase variation of RMS voltage
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From Fig.1.a, we observe that the variation of the magnitude Vs of X is periodic,
with a variation Av = +3v Therefore, the RMS value is given by the following equation

VRMS = 220 i 317. (19)

From Figure 1.b we observe that the variation of the phase of X is linear with respect
to the variation of the frequency a and is defined by the following equation

M= ¢p_¢pn_ (20)

The Table 1, shows the variations of Vrms and M for values of =1 < a < +1,
which correspond to a range of grid frequency variations 59 < F; < 61 Hz.

Table 1. Variations of Vgmsand M for values of =1 < a < +1and Fg = 240 Hz

o FL[Hz] Min Error [Vgums] Max Error [Vgus] M [deg/frame]
1.0 61.0 2.9728 2.7844 6.0

0.5 60.5 1.4627 1.4156 3.0

0.0 60.0 0.0 0.0 0.0
-0.5 59.5 1.4433 1.4142 -2.99
-1.0 59.0 2.9674 2.7791 -5.99

From the first and fourth columns of Table 1, a linear relationship between the phase
variation M and the frequency variation a can be derived and is given by the following
equation:

M=6+a Q1)

Therefore, the objective of the regulator described in the next section is to achieve a
slope M=0, thus satisfying (6).

4. Regulator design

This section presents the design of the regulator to obtain a phase variation of X equal to
zero, which allows the RMS value to be calculated more accurately.

A Timer module (TMR1), implemented in all PIC microprocessors, is used to
generate the sampling frequency, which generates an overflow interrupt every
T¢ = 1/Fg. The block diagram of this module is shown in Figure 2.0.

Fs
o - b | l r o
+2 Prescaler TMR1
| RESET

Comparator

PRI

Figure 2. Simplified block diagram of the timer for sample time generation.
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From Figure 2.0 the selected oscillator frequency is Fogc= 20MHz and a prescaler
value of 1. Table 2, shows the PR1 register values for each line frequency with
PR1, = 41666 being the value corresponding to a line frequency of 60 Hz and a
sampling frequency of F'g= 240Hz.

Table 2. Values of register PR1 for Fg= 4*F;

o Fi[Hz] Fs[Hz] PR1 AR
1.0 61.0 244 40983 683
0.0 60.0 240 41666 0

-1.0 59.0 236 42373 707

From Table 2, we observe that when there is a positive change of a it corresponds
to a decrease in the value of PR1 of AR = —683. Likewise, for a negative change of a
corresponds to an increase of AR = +707. These are the minimum and maximum values
of the variations that we must use to regulate the sampling frequency.

The implementation of the regulator is shown in Fig.3.0, which "follows" the
variations of F, to generate the correct sampling frequency F; , which is used to change
the sampling time of the SAL and CAL filters.

To achieve this objective the regulator; using a PI controller, generates the values of
AR to modify the value of the PR1 register of the timer and thus obtain a new sampling
frequency F'g that complies with the relation expressed in (6), taking the value of M to
zero [13]. In this way Fg follows the variations of F;, and using the SAL and CAL filters,
we obtain accurate values of Vrus.

Figure 3. Block diagram of the regulator

The discrete PI controller is given by the equation (22)

C(z) =2 = g+~ 22)

e(z) z-1
The difference equation for (22) is given by the following equation

U, = Uy + K *e (23)

5. Results

Simulations have been performed on a personal computer equipped with Intel (R) Core
(TM) i5-8265U CPU @ 1.60 GHz 1.80 GHz processor with 8.00 GB RAM with
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MATLAB scientific software version 2018th, for a value of K = 50 and line frequency
variations ¢ = 1, which corresponds to frequency variations between 61 and 59 Hz

respectively. The results of this simulation are shown in Table 3 and Figure 4.0.

Table 3. Results of regulator implementation

o FL[Hz] VR]\/[s[V] AR Fist [HZ]
1.0 61.0 220.063 683.22 61.001

0.0 60.0 220.00 0.77 60.00
-1.0 59.0 220.063 706.73 59.002
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Fig.4. Estimated RMS voltage and line frequency

From the Table 3, we can obtain the percentage error obtained by the algorithm, for
the RMS value and the frequency of the estimated grid, is given by

errorgys = 0.03%

errors e = 0.003%

6. Conclusions

The SAL and CAL filters used in this work are easy to implement since only additions
and subtractions are required, i.e., they do not require a high computational load,
therefore, they can be implemented in microcontrollers of any spectrum and low cost.

The SAL and CAL filters can be used to calculate the phasors of a sinusoidal signal
and with them calculate the RMS value with high accuracy, when the frequency of the
signal does not present variations. The algorithm presents errors in the calculation of the
RMS value, in situations in which the frequency of the signal varies

The addition of a regulator, to the algorithm that calculates the RMS value of the
signal, allows accurate values to be obtained even when the signal frequency varies.
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Since the period of the line is proportional to the values of the PR1 register of the

timer, this tracking algorithm also allows us to estimate the frequency of the line.
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