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Abstract. This paper is dedicated to study the tracking control problem of the pos-
itive T-S Fuzzy systems under H∞ performance. Compared with general systems,
the limitation of the positive systems will bring non-convex conditions into the sta-
bility analysis. In order to overcome the challenge brought by the transformation of
non-convex conditions into convex conditions, a feasible solution is presented. In
addition, by using the piecewise-linear membership functions (PLMFs) technology,
more effective information of membership functions (MFs) is introduced, which
effectively weakens the conservativeness of the stability conditions and achieves
satisfactory tracking results. Ultimately, a simulation example is shown to confirm
the reliability of the design method.
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1. Introduction

Positive systems are ubiquitous in the real world, such as social demographic, network
communication systems, etc [1]. These systems have the inherent property that their
state variables are always positive under non-negative initial conditions [2]. Due to the
limitation of the positivity, when positive conditions and stability conditions exist at the
same time, the generation of non-convex conditions is inevitable [3], which will make
the analysis of positive nonlinear systems more complicated and scarce. Therefore, the
study of positive nonlinear systems has both practical value and challenges in theory.

Among all the nonlinear control strategies, the T-S fuzzy-model-based (TSFMB)
control has attracted the attention of more and more scholars [4]-[6]. Therefore, this pa-
per naturally uses the TSFMB to analyze the tracking control issue of positive systems.
Although the application of tracking control can be seen everywhere [7]-[9], such as
missile trajectory control [10] and aircraft attitude tracking [11], the existing literature
on tracking control of positive systems is quite lacking. Thus, starting from the actual
needs, the research on tracking control of positive systems have aroused our attention.
In the existing literature, due to the insufficient introduction of the original membership
function (MFs) information, the results achieved are extremely conservative. In this pa-
per, more effective information of MFs is brought into the analysis condition, which is
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helpful to realize a satisfactory tracking effect. In summary, the research motivation of
the tracking control of the positive system is mature.

In order to distinguish from the previous work, the main contribution of this paper
is to successfully extend the research of tracking control from general systems to posi-
tive systems that are rarely discussed. Correspondingly, for dealing with the non-convex
problem generated by positive systems, this paper presents an effective approach so that
feasible solutions can be found. In addition, for the purpose of achieving better tracking
effect, this paper uses PLMFs technology to introduce more effective MFs information
into the analysis conditions.

The following notations will refer to the full paper. δrs represents the r-th row and
s-th column of the matrix ΔΔΔ ∈ ℜn×m. ΔΔΔ ≺ 0, ΔΔΔ � 0, ΔΔΔ � 0 and ΔΔΔ � 0 represent that
each element δrs is negative, positive, non-positive and non-negative, respectively. The
Metzler matrix means that its off diagonal elements are all non-negative. d̆ represents
d̆ = {1,2, . . . ,d}.

2. Preliminaries

2.1. Positive T-S Fuzzy Model

The dynamic behavior of nonlinear plants is described by using p rules, where the i-th
rule is as follows:

Rule i, i ∈ p̆ : IF ϕ1(x(t)) is Mi
1 AND · · ·AND ϕψ(x(t)) is Mi

ψ

THEN ẋ(t) = Aix(t)+Biu(t),x(t) = φφφ(t), (1)

where Mi
l is the fuzzy set, ϕl(x(t)) is the premise variable, l ∈ ψ̆ , φφφ(t) is the vector valued

initial function. Ai and Bi are the system matrices with matching dimensions.
The whole system dynamics is shown as follows:

ẋ(t) =
p

∑
i=1

wi(x(t))
(
Aix(t)+Biu(t)

)
, (2)

where wi(x(t)) = ∏ψ
l=1 μMi

l
(ϕl(x(t)))/∑p

k=1 ∏ψ
l=1 μMk

l
(ϕl(x(t))). wi(x(t)) ∈ [0 1] and

∑p
i=1 wi(x(t)) = 1,∀i.

Definition 1 [12]: If the condition φφφ(·)� 0 satisfy corresponding x(t)� 0, ∀t ≥ 0, then
the system is regarded as a positive system.

Lemma 1 [13]: System (2) is positive if it satisfies the following: Ai is a Metzler matrix
and Bi � 0,∀i when u(t)� 0.

2.2. Positive Stable Reference Model

The stable positive reference model is given:

ẋr(t) = Arxr(t)+Brr(t), (3)
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where Ar ∈ ℜn×n, Br ∈ ℜn×m, r(t) ∈ ℜm×1 and xr(t) ∈ ℜn×1. It is worth emphasizing
that the reference model should be guaranteed to be stable.

2.3. Fuzzy Controller Design

By using c rules to describe the T-S fuzzy controller, where the j-th rule is:

Rule j, j ∈ c̆ : IF ϑ1(x(t)) is N j
1 AND · · ·AND ϑΩ(x(t)) is N j

Ω

THEN u(t) = F je(t)+G jxr(t), (4)

where ϑd(x(t)) is the premise variable, N j
d is the fuzzy set, e(t) = x(t)−xr(t). F j ∈ℜm×n

and G j ∈ ℜm×n are the feedback gains, d ∈ Ω̆.
The overall T-S fuzzy controller is displayed as follows:

u(t) =
c

∑
j=1

m j(x(t))
(
F je(t)+G jxr(t)

)
, (5)

where m j(x(t)) = ∏Ω
d=1 μN j

d
(ϑd(x(t)))/∑c

k=1 ∏Ω
d=1 μNk

d
(ϑd(x(t))). m j(x(t)) ∈ [0 1],

∑c
j=1 m j(x(t)) = 1,∀ j, and m j(x(t)) is the normalized grade of membership. In the fol-

lowing analysis, if there is no confusion, the time t in each variable will be omitted.

3. Positivity and Stability Analysis

Combining (2) and (5), the closed-loop system is given:

ẋ =
p

∑
i=1

c

∑
j=1

wim j

(
(Ai +BiF j)x+Bi(G j −F j)xr

)
. (6)

In order to study the stability of the error system, ė can be obtained:

ė = ẋ− ẋr =
p

∑
i=1

c

∑
j=1

wim j
(
Ai +BiF j

)
e+

p

∑
i=1

c

∑
j=1

wim j
(
Ai −Ar +BiG j

)
xr −Brr. (7)

Since positive conditions and stability conditions are met at the same time, non-
convex conditions will arise. Thus, for coping with this problem, a diagonally positive
definite matrix X ∈ ℜn×n is defined. Defining F jX = M j and G jX = N j, according to
Lemma 1, post-multiplying both sides of all positive conditions by X at the same time,
then the positive conditions can be obtained, i.e., (Ai+BiF j)X = AiX+BiM j is Metzler
matrix and

(
Bi(G j −F j)

)
X = Bi(N j −M j)� 0,∀i, j.

For further dealing with the non-convex stability conditions, based on the previous
definition, (7) will be analyzed as:

ė =
p

∑
i=1

c

∑
j=1

wim j
(
AiX+BiM j

)
X−1e+

p

∑
i=1

c

∑
j=1

wim j
(
AiX−ArX+BiN j

)
X−1xr

−Brr =
p

∑
i=1

c

∑
j=1

wim jΨΨΨi jZ, (8)
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where ΨΨΨi j = [ΨΨΨ(1)
i j ΨΨΨ(2)

i j ΨΨΨ(3)
i j ], ΨΨΨ(1)

i j = AiX+BiM j, ΨΨΨ(2)
i j = AiX−ArX+BiN j, ΨΨΨ(3)

i j =

−Br and ZT = [ZT
1 ZT

2 ZT
3 ], Z1 = X−1e, Z2 = X−1xr, Z3 = r.

The following Lyapunov function candidate were selected for stability analysis:

V (t) = eT (t)X−1e(t). (9)

For facilitating the stability analysis, we define e1 = [In 0 0], e2 = [0 In 0]
and e3 = [0 0 Im]. At the same time, V̇ (t) is derived as:

V̇ (t) =
p

∑
i=1

c

∑
j=1

wim jZ
T (ΨΨΨT

i je1 + eT
1 ΨΨΨi j

)
Z =

p

∑
i=1

c

∑
j=1

wim jZ
T ΞΞΞi jZ. (10)

For checking the tracking effect, the H∞ performance is utilized. Meanwhile, the
variable Θ will be defined: Θ= V̇ +ZT

1 Z1−ρ1ZT
2 Z2−ρ2ZT

3 Z3, where ρ1 > 0 and ρ2 > 0.
Considering Θ < 0, then V̇ (t)≤−ZT

1 Z1+ρ1ZT
2 Z2+ρ2ZT

3 Z3. Set t f as the terminal
time, thus, the H∞ performance [14] is given:

∫ t f
0 ZT

1 Z1dt −V (0)∫ t f
0 (ρ1ZT

2 Z2 +ρ2ZT
3 Z3)dt

≤ 1. (11)

Remark 1 : In order to meet the H∞ performance, inequality Θ < 0 must be guaranteed.

where Θ = ∑p
i=1 ∑c

j=1 wim jZ
T ΛΛΛi jZ,

ΛΛΛi j = ΞΞΞi j + eT
1 e1 −ρ1eT

2 e2 −ρ2eT
3 e3. (12)

4. Relaxed Positivity and Stability Analysis by PLMFs

To relax the analysis conditions, PLMFs, explained in detail in [15], will be used as a
method to extract more effective information of MFs. This includes digging the boundary
information of wi(x), m j(x) and Δhi j(x) respectively, so that the conservativeness of the
results can be weakened.

γ
i j
≤ Δhi j(x)≤ γ i j,0 ≤ σ i ≤ wi(x)≤ σ i ≤ 1,0 ≤ τ j ≤ m j(x)≤ τ j ≤ 1,∀i, j, (13)

where hi j(x) = wi(x)m j(x), h̃i j(x) and Δhi j(x) = hi j(x)− h̃i j(x) are the approximation
function and the error function, respectively. γ

i j
, γ i j, σ i, σ i, τ j and τ j respectively rep-

resent the lower and upper boundaries of the corresponding functions.
To relax the research conditions, the above-mentioned boundary information of MFs

is introduced through the following slack matrices 0 < Pi j = PT
i j, 0 < Qi j = QT

i j and
0 < Ri j = RT

i j, Ri j ≥ (ΛΛΛi j −PPPi j +QQQi j). Thus, Θ can be dealt with as:

Θ =
p

∑
i=1

c

∑
j=1

wim jZ
T ΛΛΛi jZ ≤

p

∑
i=1

c

∑
j=1

ZT
((

h̃i j(x)+ γ
i j

)
(ΛΛΛi j −PPPi j +QQQi j)

+
(
γ i j − γ

i j

)
Ri j +σ iτ jPi j −σ iτ jQi j

)
Z. (14)
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It can be seen from (14) that inequality Θ< 0 can be satisfied if ∑p
i=1 ∑c

j=1

((
h̃i j(x)+

γ
i j

)
(ΛΛΛi j −PPPi j +QQQi j) +

(
γ i j − γ

i j

)
Ri j +σ iτ jPi j −σ iτ jQi j

)
< 0 holds. In a word, the

tracking control analysis results of the positive T-S fuzzy systems are given by the fol-
lowing theorem.

Theorem 1 Through scalars ρ1 > 0, ρ2 > 0, the tracking control of the positive T-S fuzzy
system is guaranteed under satisfying the H∞ performance (11), if there is a diagonal
positive definite matrix X ∈ ℜn×n, the feedback gains M j ∈ ℜm×n, N j ∈ ℜm×n, j ∈ c̆,
symmetric matrices of matching dimensions Pi j = PT

i j, Qi j = QT
i j and Ri j = RT

i j such that
the GEVP has the feasible solution:
Minimize ρ1 +ρ2
Subject to

1) ρ1 > 0, ρ2 > 0; 2) ξξξ T (
X− ε1I

)
ξξξ is SOS;

3) airsX+birM j is SOS; ∀r 
= s; 4)ξξξ T (
bir(N j −M j)− ε2I

)
ξξξ is SOS;

5) ξξξ T (
Pi j − ε3I

)
ξξξ is SOS; 6)ξξξ T (

Qi j − ε3I
)
ξξξ is SOS; 7)ξξξ T (

Ri j − ε3I
)
ξξξ is SOS;

8) ξξξ T (
Ri j ≥ (ΛΛΛi j −PPPi j +QQQi j)− ε3I

)
ξξξ is SOS; 9)−ξξξ T

( p

∑
i=1

c

∑
j=1

((
h̃i j(x)+ γ

i j

)

(ΛΛΛi j −PPPi j +QQQi j)+
(
γ i j − γ

i j

)
Ri j +σ iτ jPi j −σ iτ jQi j

)
+ ε4I

)
ξξξ is SOS,∀i, j, (15)

where the controller gains can be obtained by F j = M jX
−1, G j = N jX

−1.

Remark 2 : When only sub-conditions 1) to 4) in Theorem 1 and ΛΛΛi j < 0 in (12) are sat-
isfied, the situation where PLMFs are not used will be obtained, that is, the information
of MFs is not applied to the analysis conditions.

5. Simulation Example

A simulation example is presented to confirm the reliability of the controller design. Un-
der x = [x1 x2]

T , three-rule positive T-S fuzzy model is shown as follows:

A1 =

[
1.18 0.46
6.72 −13.63

]
,A2 =

[
0.85 1.25
4.59 −12.6

]
,A3 =

[
0.69 0.35
7.21 −8.86

]
,

B1 =

[
3.63
0.05

]
,B2 =

[
1.42
0.12

]
,B3 =

[
2.85
0.86

]
.

The positive reference model is set to:

Ar =

[−3.5 1.06
6.35 −12.5

]
, Br =

[
1.26
0.31

]
,r(t) = 1+0.5sin(0.2t).
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Figure 1. Positive fuzzy model: w1(x1), w2(x1) , w3(x1). Fuzzy controller: m1(x1), m2(x1). The sampling
points are set to x1(t) = {0;0.6; · · · ;4.8}.

The MFs of the positive fuzzy model and the controller are respectively set as:
w1(x1) = 1− 1

1+e−3.5(x1−1.8) ,w2(x1) = 1−w1(x1)−w3(x1),w3(x1) =
1

1+e−3.5(x1−2.9) , and

m1(x1) = 1− 1
1+e−3.5(x1−2.5) ,m2(x1) = 1−m1(x1), which are shown in Figure 1. Set the

initial condition to x(0) = [0.3 0.5] and xr(0) = [0.3 0], by using the designed con-
troller, the state-time simulation results obtained under Remark 2 and Theorem 1 are
presented in Figure 2 and Figure 3, respectively, which proves that the tracking effect is
satisfactory.

By comparing Figure 2 and Figure 3, it can be concluded that the tracking effect
of Figure 3 is significantly better, which proves the importance of MFs information in-
troduced by the PLMFs method. It is worth mentioning that the more segments in the
PLMFs method, the smaller the approximation error obtained, and the better the tracking
effect obtained.
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Figure 2. Tracking effect and tracking error
with ρ1 = 0.3111 and ρ2 = 0.2086. Top panel:
e1max = 0.1087, RMSE1 = 0.0778. Bottom panel:
e2max = 0.1021, RMSE2 = 0.0860.
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Figure 3. Tracking effect and tracking error
with ρ1 = 0.4248 and ρ2 = 0.1855. Top panel:
e1max = 0.0305, RMSE1 = 0.0220. Bottom panel:
e2max = 0.0640, RMSE2 = 0.0647.

L. Fu et al. / Tracking Control Design for Positive T-S Fuzzy Systems262



6. Conclusion

This paper is dedicated to the design of the tracking control of the positive T-S fuzzy
system. To suppress tracking errors, a method of combining the MFs information with the
H∞ performance is adopted. In addition, the non-convex problem due to the constraints
of the positive system has been overcome. On the other hand, in order to weaken the
conservativeness of the analysis results brought by the lack of MFs, the PLMFs method
has been considered to introduce more effective information of MFs into the stability
analysis. A simulation example has verified the reliability of the control strategy.

This work was supported by Natural Science Foundation of Hebei Province under
Project Number F2019203505 and Kings College London.
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