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Abstract. This paper discusses the gH-directional differentiability of fuzzy
mappings, and proposes the concept of gH-directional differentiability of fuzzy
mappings. Based on the concept of gH-directional differentiability of interval-
valued mappings and its related properties, two properties of gH-directional
differentiability fuzzy mappings are proposed. At the same time, the relation
between gH-differentiability and gH-directional differentiability for a fuzzy
mapping is discussed, and it is proved that both gH-derivative and gH-partial
derivative are directional derivatives of fuzzy mappings in the direction of the
coordinate axis.
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1. Introduction

The differentiability concept of fuzzy mappings is closely related to the difference
operation (subtraction operation) for fuzzy numbers. Regarding the difference
operation of fuzzy numbers, its definition is relatively complicated, and there are
multiple definitions. Nonetheless, there are two kinds of difference operations for fuzzy
numbers, which are used to discuss the differentiability of fuzzy mappings at present,
one is the concept of H-difference introduced by Hukuhara [1]; the other is the concept
of generalized H-difference supported by Stefanini[2], i.e., gH-difference concept. The
differentiability concept based on H-difference is called differentiability or H-
differentiability problem; the concept of differentiability established by using gH-
difference is called generalized differentiability or gH-differentiability problem. The
generalized differentiability discussed in this paper refers to the problem of gH-
differentiability.

In order to overcome some deficiencies of the concept of H-differentiability, in 2013,
Barnabas Bede and Luciano Stefanini [3] first discussed the differentiability of fuzzy
mappings by using the gH-difference and gave the concept of gH-differentiability.
Meanwhile, they put forward a new and feasible method for studying the
differentiability of fuzzy mappings and its application. Since then, many scholars have
studied the gH-differentiability and application of fuzzy mappings, and obtained a
series of valuable results [3-11].

1 Corresponding Author: Yu-e Bao, College of Mathematics, Inner Mongolia University for Nationalities. E-
mail:byebed@163.com.



8 Y.-e. Bao et al. / Study on Generalized Directional Differentiability Problems of Fuzzy Mappings

In the study of the differentiability (H-differentiability) of fuzzy mappings, the
concepts of the directional derivative (H-directional derivative) and subgradient of
fuzzy mappings are proposed by Guixiang Wang and Congxin Wu in reference[12] ,
and the concepts are applied in convex fuzzy programming. However, the generalized
differentiability (gH-differentiability) problem of fuzzy mappings in the above research
work only considers the differentiability problem in the direction of the coordinate axis,
and does not consider the differentiability in any particular directions, i.e., the gH-
directional differentiability problem. Therefore, it is necessary to discuss the gH-
directional differentiability problem of fuzzy mappings, so that the gH-differentiability
of fuzzy mappings and its application can be fully discussed and developed, and some
conclusions that are convenient for practical application are obtained.

In reference [13] and [14], we discussed respectively the differentiability (H-
differentiability) and application in fuzzy programming for fuzzy mappings and the
gH-directional differentiability of interval-valued mappings and so on, in the meantime,
some important conclusions are obtained. On this basis, in the first section of this
article, the concepts of gH-differentiability, gH-derivative, gH-partial derivative of
fuzzy mappings and the concept and related properties of gH-differentiability of
interval-valued mappings are given in references [3, 10, 14]. In Section 2, the problem
of gH-directional differentiability of fuzzy mappings is discussed. Using the concept of
gH-directional differentiability and related properties of interval-valued mappings [14],
the relevant properties of gH-directional differentiability fuzzy mappings are given;
And gH-directional derivative are used to characterize gH-derivative [3], gH-partial
derivative [10] and gH-gradient [10].

2. Preliminaries

We denote by R the family of all sets of real numbers, and F be a set of all fuzzy
numbers in R (or fuzzy numbers space). So, for any u € F , we have that its a — level

set be bounded closed intervals and we denote its a-levels by [u]a = [gaﬁa] for all
ae[0.1].

For fuzzy numbers u,v € F andr € R, respectively, the addition and the scalar
multiplication are defined as follows

[+9]" =[ (wrv), . (w+v), |=[u, +2,.7, +7,] @ e[01].

[ru]” = [(g)a (E) J = min{ru, rir, }, max{ru, rir, } |, €[0.1].
Definition 2.1[3]. For fuzzy numbers u,v € F , the generalized Hukuhara difference
( gH — difference, for short) of # and v is the fuzzy number we F , if it exists, such
that u =v+w orv=u+(-1)w.And we denote as u O, v=w.

If u ©,, v exists, then for & €[0,1], in terms of a- levels, we have
[u O v]a = [u]a Ot [v]a = [min{ga -v,.i, =V, },max{u, —v,,u, —Va}].
Where, [u]" ©,, [v]" is the ¢H — difference of two interval operands [13].
Proposition 2.1[8]. For fuzzy numbers u,v e F , if the gH — difference u ©,, v
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exists, then for » € R, the ru Oy 1V exists, and
r[u Oyt v] =(ru) Oy (rv).
For fuzzy numbers u,v € F , the Hausdorff distance of # and v is defined by

D, (uaV)=aSEI[;g]dH([u] [v] )ZQi‘[{)li]maXﬂza = v L[, =}

u, —\7[1|} is the Hausdorft distance of two

>

Where, d,, ([u]a ,[v]a) = max {|ya —v,

interval operands [u]” and [v]".
Let R” denote the n-dimensional Euelidean space, and M be a nonempty subset of

R".We say F:M—F be a fuzzy mapping (or fuzzy-valued function). Fora €[0,1],
we can easily obtain a family of interval-valued mappings F, : M —[R] , and we
denote as F, (x) = [F(x)}a = [Ea (x).F, (x)] , xeM.
Where, (1) [R] indicates the interval number space formed by all bounded closed
intervals in R (see the reference[13]).

() E, (X) and F, (x) are two real-valued functions defined on M , called endpoint
functions.
Definition2.2[3].Let F:(a,b) >Fbe a fuzzy mapping, X, €(a,b) andx, +h & (a,b) .Then
the gH —derivative of F' at x, is defined as

mF(xO +h) Oy F(x,)

h—0 h

If existsu € F , we say that F is gH-differentiable, and u is called the gH —

derivative of F at x, , which is denoted as F*’ (x0 ) =u.

Definition2.3[10]. Let F: M — F be a fuzzy mapping, and x° = (x,o,xg,--~,x3) eM.
If fuzzy mapping H,.(x,.)=F(xlo,n-,xffl,xf,xfﬂ,---,xg) is gH — differentiable at x, ,
then we say that the gH — partial derivative of F at x’ with respect to x,, and
HE (xo) is called the gH — partial derivative of F at x” ,which is denoted as
oF Jox, ., = H (x°).

We consider that F is gH — differentiable at x° if all the partial derivatives exist

X=X,

on some neighborhood of x°.
Definition 2.4[10]. Let F': M — F be a fuzzy mapping. If F is g — differentiable at

-, 0F /ox

n

x, , then the gH —gradient of F' at x,, denoted by (6F/8x1

o)

Definition 2.5[14]. Let f : M — ([R],dH) be a interval-valued function , and x € M .

X:XO) is a fuzzy

x=xp ? !
vector , defined by
VF (x,) = ((0F /o

., 0F Jox,

x=xy ?

If for yeR", there exists >0 such that x+hy, e M(x—hy, e M) for any
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he(0,5), and there exists 4, € [R](A4_ €[R]) such that

lim%(f(x+hye)@gﬂ f(x))=4, (l}irg}%(f(x)QgH f(x=hy,))= AJ.

h—0"

Then f (x) is (resp. left) gH — differentiable in the direction y at x, and
A, (A_) is called the (resp. left) gH — derivative of f (x) in the directiony at x ,
which is denoted as /" (x,y) =4, (f_gH (x,y)= A_) .

If £ (x,y)= /" (x,»), we say that f(x) is gH — differentiable in the direction
yat x, and denoted as f*" (x,y) =f+gH(x,y)=f_gH (x,y) , where £’ (x,y) is
called the gH — derivative of f (x) in the direction y at x .

Theorem2.1[13]. Let F: M —)[R] be an interval-valued mapping, and denoted as
F (x):[lj (x),F (x)] If F(x) and F(x) are gH — differentiable in the direction y atx,,
then F(x) is gH - differentiable in the direction y at x,, and

F (x,,9) = [min{E(xo,y),F(xo,y)},max{E(xo,y),ﬁ(xo,y)}]_

3. gH-Directional differentiability of fuzzy mapping

Definition 3.1. Let F': M — F be a fuzzy mapping, and x € M . If for y € R", there

exists 6 >0 such that x+/hy, € M(x—hy, € M) for he(0,5). And gH — difference
F(x-i—hye)@gH F(x) (F(x)@gH F(x—hye))

exists, and there existsu* € F (u’ eF ) such that

P )0, F()_ | {hm F(x)og,,:u—hye):uJ
h—0"

h—>0* h
Then the right (resp. left) gH-derivative of F' in the direction J at X exists, which is
denoted asu” (u’) ,and F* (x,y)=u" (Ff” (x,y)= u’) )

If F¥'(x,y)=F*"(x,y), we say that F is & — derivable in the direction ) at X,
and denoted as

F (xy) = F (xy) = F (%),

Where F*(x,y) is called the gH — derivative of F in the direction Y at X .
Theorem 3.1. Let F: M — F be a fuzzy mapping. If /' is gH — derivable in the
direction y € R" at x€ M, then for any « [O,l] , F,-M— [R] is an interval-valued
mapping, which is gH — derivable in the direction y at x, and

F (x,y) = [FgH (x,y)]a )

Proof. Let /': M — F be a fuzzy mapping, which is gH — derivable in the direction
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y at x€ M, then there exists ¢ >0 such that
x+hy, e M(x—hy, e M) forany he(0,5),
and gH — difference
F(x+hy,)Q,, F(x) and (F(x) O F(x—hyg))
exist, and there exists F*" (x, y) € F such that
F(x+hy,)0,, F(x) i F(x)Oy F(x—hy,)
h>0° h h=>0" h
That is, there exists o' >0 such that

DH{F(whye)@gHFu),FgH (x,y)J:DH(m)@gHF<x_hy8),FgH (w)}g

h h

=F¥ (x,y).

for any 0 </ < 6" . From the Definition of Dy and Proposition 2.1, we have

o (o] LT L T |- (LT L T)

for any o € [0,1]. So

) eu[FE)T L [FE)] Gu[Flx-m)]

h—>0" h h—>0" h

- [FgH (x,y)T .
Hence, from the Definition 2.5, F, (x) = [F (x)]u is a interval-valued mapping, which
is gH — differentiable in the direction y atx, and

F (x,y) = [FgH (x,y)]a for any a €[0,1].
Theorem 3.2. Let F': M — F be a fuzzy mapping, which is gH - differentiable in
the direction y at x . If F, (x) =[Ea (x).F, (x)] for any a €[0,1] is an interval-
valued mapping, whose two endpoint functions F, (x) and Fa (x) are differentiable

in the direction y at x, then

[F (x.3)] =[min{E, (x,y). F, (x.»)}, max {E, (x.»).F, (x.»)} ]
Where £, (x,y) and Fa(x, ) is the directional derivative of real-valued functions
F,(x) and F, (x) in the direction Y at X respectively.
Proof. Let F': M — F is gH — differentiable in the direction y at x, then from
Theorem 3.1, F,(x)= [Ea (x).F, (x)] is an interval-valued mapping, which is
gH — differentiable in the direction y at x, and

[P (x,9)] = F& (x.). 1)
Moreover, for @ €[0,1], F, (x) and F, (x) are gH - differentiable in the direction ¥
at X, then by Theorem 2.1, we have

F (x,y) = [min{]_’a (x,»),F, (x,y)} ,max{]fa (x,»),F, (x,y)}] . (2)
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Therefore, for & € [0,1], from (1) and (2), we easily obtain

[FgH (x,y)]a = [min{Ea (x,y),ﬁ (x,y)} ,max {Ea (x,y),ﬁ (x,y)}}

Theorem 3.3. Let F :(a,b) > F be a fuzzy mapping, then F is g — differentiable
in the direction ¥ =1at X if and only if F' is g — differentiable at X, and

FeH (x) = F (x,1).

Proof. Necessity. If F(x) is gH — differentiable in the direction y =1 at x, then
there exists 6 >0 such that x—A,x+he (a,b) and for any he (0, 5) , gH -
difference

F(x+h)o,, F(x) and F(x)Q,, F(x—h)
exist and there exists F* (x,1) € F such that

- F(x+h)o,, F(x) i F(x) Og,,hF(x—h) P (),

h—0* h h—0*

Moreover, we easily imply that
[F(r=h)ey, F(x)] =~([F(x-1)] e, [F()])
=[Fur (0] € [F(x=1)]'

for @ € [0,1] . So,
[F(x+h)OgIIF(x)’FgH (X’I)J

h

et

lim D,
h—>0

=1lim D
h—0" a

—h

= lim sup d,, [{F(x—h)og,, F(x)

h—0" ael0.1]

= lim sup d
h—0" ,,,E[(g] "

- lim DH[F(X)OM F(x_h)’an (xﬁl)J -0.

h—0* h
Therefore,
lim F(Hh),?g" FO) iy MO Py,
h—0" h—0"

Hence F is gH —derivable at X, and
F (x)=F*" (x,1).
Sufficiency. If ' is gH — differentiable at X, i.e.,
mF(x—i—h)@gH F(x)

h—0

:FgH(x)e]:,
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Then there exists & >0 such that x+/e(a,b) and for any ()<|h| <0, gH-
difference F(x+h)0O,, F(x) exists and
F(x+h)O,, F(x)

lim
h—>0"

=F (x)=F* (x,1).

Moreover, x—he(a,b) and gH — difference F(x+h)0,, F(x) exists for any

0 < h <. So, from Proposition 2.1 and the operation properties of fuzzy number, we
can deduce F(x)O,, F(x—h)= —(F(x+h) Ot F(x)) and

- DH(F(x)ogHm—h),FgH (x)]: - DH(F(x—mgHF(x),FgH M]

h—>0" h h—0" —-h

F(x+h)o,, F(x)

= lim DH[ p ,FgH(x)j:O

h—0"

Therefore,
i F(x) Ot F(x—h)
h—0"

Theorem 3.4. Let F: M — F be a fuzzy mapping, and x° :(x]o,xg,-n,x:) eM . If

= P (x) = F¥ (x,1).

F(x)is gH — differentiable in the direction e, (i=1,2,---,n) at x°, then the partial
gH — derivative of F(x) exist at x’ with respect to x,, and

oF* jox,| , =F* (xo,el.).

x=x

Proof. LetH,.(x,) =F(x,°,~--,x?,1,x?,x9

i+10°
H, (xlo +h)®gH H, (xlo) ~ F(x0 +he1.)@gH F(xo)

h - h
H, (x?)@gH H, (xlo —h) ~ F(xO)GgH F(x0 —hei)

h - h
If F(x) is gH — differentiable in the direction ¢, at x°,i.e.,
F(x°+hel.)—F(x0) F(xo)—F(xO—hei)

--,xf:),then

)

lim = lim =F(x'.e,).
h—0 h h—>0" h

Therefore,
. H, (x,o +h)@g” H, (x,o) ~im H, (x,g)egll H, (x,o —h) = F# (xo’el)
Jam h h—0- h

Hence H' (x,o,l) = (xo,el.) i
From Definition 2.2, we have H i(x,-) is gH - differentiable at x?. So by Definition

2.3, the partial gH — derivative of F (x) at x° respect to ¥;, and denoted as

OF ™ /ox.

, =FgH(x°,el.)'

x=x
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Corollary 3.1. Let F : M — F be a fuzzy mapping, and x° = (xf,x§,~-~,x2) e M . Ifall
the partial gH — derivatives exist in the direction ¢; at x° on some neighborhood of x°,
then F is gH — differentiable at x°, and its the gradient

VFE (x°)= {ng (xo,e,),"',FgH (xo,ei),-“,FgH (xo,en)}.
Proof. If F*" (Xo,e,»)(i =1,2,---n) exist on some neighborhood of x°, then from

Theorem 3.4, we have all the partial derivatives OF " /ax,-| o (i=1,2,---n) existon

x=x

some neighborhood of x°, and
5Fg”/6x,- D = & (xo,e,.) (i:1,2,~-~n) .

Therefore, from Definition 2.3, F is gH - differentiable at x° , and the gradient is
denoted as

VF#H (xo):{FgH (xo,el),---,FgH (xo,e,.),~--,FgH (xo,en)}.

4. Conclusions

The differentiability of fuzzy mappings is an important concept in fuzzy analysis and
plays a very important role in fuzzy optimization theory. In this paper, we discuss the
gH-directional differentiability of fuzzy mappings. The concept of gH-directional
derivative is proposed, and gH-derivative and gH-partial derivative are described by
using gH-directional derivative. These conclusions lay a solid foundation for further
discussion on the gH-differentiability, gH-subdifferentiability of fuzzy mappings and
their application in fuzzy programming. We will give some examples of corresponding
model implementation in the next research work.
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