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Abstract. Controlling fluid levels in cone-shaped discharge tanks can be 

challenging, especially in the chemical industry. This paper presents a novel 

approach for achieving precise level control in such tanks using a proportional-

integral (PI) control algorithm. Our method relies on a mathematical model of 

three interacting conical tanks arranged in a single-input, single-output (SISO) 

system. By implementing this algorithm, operators can effortlessly maintain the 

desired fluid level in all three tanks, as specified by the set point. This translates to 

direct and practical application of the derived controller parameters in real-time 

process control. The key to our approach lies in a gain scheduling algorithm, 

developed by analyzing the mass balance equation in the form of differential 

equations. We provide a detailed step-by-step derivation to guide researchers in 

their own controller design endeavors. The obtained PI controller values are tested 

in MATLAB and results are presented. 

Keywords. Chemical fluid discharge tank, differential equations, nonlinear control, 

pi controller, conical tank, gain scheduling. 

1. Introduction 

Many industrial processes face control problems due to the dynamic non-linear 

characteristics of stationary equipment. Designing controllers for non-linear systems 

has always been a difficult task, especially for applications with uncertain parameters 

or operating under changing conditions. Because many industrial processes are non-

linear and have no common solution, they represent one of the most difficult problems 

to fully understand and solve. To control key critical parameters such as level, flow, 

pressure and temperature of the fluid in the tank, the process industry requires efficient 

controllers [1]. Tanks of various shapes such as cylindrical, spherical and conical are 

widely used in industries such as gas processing, petrochemical, paper, 

hydrometallurgy, food processing and waste water treatment [1-7].  
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Conical tanks are widely used in the process industries because they have the 

advantage of not allowing solid materials to accumulate at the bottom. Conical tanks 

with gravity discharge provides a cost effective and convenient method of supplying 

both liquids and solid materials. Changing the shape of a conical tank, deadtime, delay 

time, setpoint changes create non-linearity characteristics and its level response 

depends on the geometry of its volume. Due to the non-linear nature of the system, it is 

very difficult to do research on [2, 8, 9]. 

In the process industry, the control of liquid levels in tanks and the flow between 

tanks is a complex process. Failure to maintain the correct level of substances in 

conical tanks can result in many unforeseen situations, such as reaction imbalances, 

release of hazardous substances, equipment damage as well as adverse consequences 

for subsequent operations. This is why the control of liquid levels is an important and 

common task in the process industry [9, 10]. 

This work embarks on a journey into the intricate realm of process dynamics, 

specifically aiding young researchers venturing into the domain of controller design. 

We embark on a meticulously charted path, laying out a step-by-step procedure for 

extracting the elusive PI controller gain values – P and I. Such quests for controller 

optimization have captivated the minds of many a renowned researcher [8, 10], a 

testament to the enduring allure of process control. Through this guided exploration, 

we equip fellow travelers with the tools to not only conquer the PI realm, but also delve 

into the broader expanse of PID control algorithms, ultimately mastering the art of 

manipulating process variables with precision. 

2. Process Description 

The process is modeled dynamically using ordinary differential equations. These 

equations are formulated based on mass conservation within each tank. For simplicity, 

we consider the fluid to have a constant density. Figure 1 is a process sketch of three 

vertical conical tanks are connected in series. Figure 2 then transports us to the digital 

arena, showcasing the SISO model to real time simulation and its operating parameters 

are given in table 1. Water is supplied to the tank from a preceding unit. To control the 

liquid level within the tank, the outflow rate is manipulated. The liquid level, 

represented by height h, is employed as the feedback signal for the controller to achieve 

and sustain the desired height. 

This paper develops a linear model of a nonlinear process tank based on its 

transient response to changes in liquid height (h). A controller tuned using this model 

operates optimally only at the specific operating point analyzed. To address this 

limitation, the process' steady-state input-output curve is divided into five distinct 

linear regions. 

2.1. Problem Formulation 

Table 1. Operating parameters for conical tanks. 

Parameter Description Value 
R Top radius of the cone 19.25 cm 

H Maximum total height of the tank 73 cm 

β Valve coefficient 55 cm2/s 

Fin Maximum inflow rate of the tank 111.11 cm3/s 
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2.2. Mathematical Model 

According to the Law of conservation of mass, 

Input – Output=Accumulation 

Fin - Fout=A(dh/dt) 

Where, 

(dh/dt) is the rate of change of height; 

A is the area of cross section, [(πR2h2)/H2]; 

h is the liquid level height; 

H is the total height of tank. 

The below equations are the mathematical model of tank 1, tank 2, and tank 3 

respectively. 

Tank 1 

���

��
= �Fin1 − β12√h1 − h2	 ∗ �

�(��)
                              (1) 

Tank 2 

��

��
= �β12√h1 − h2 − β23√h2 − h3	 ∗ �

�(�)
                        (2) 

Tank 3 

���

��
= �β23√h2 − h3 − β3√h3	 ∗ �

�(��)
                           (3) 

Where, 

h1, h2 and h3 represents the tank 1, tank 2, and tank 3 parameters; 

β is valve coefficient.  

 

 
Figure 1. Three tank conical interacting system Figure 2. Simulink Model of Three Tank Conical 

Interacting System. 

A.P. Venkataraman et al. / Design of a Gain Scheduling Algorithm658



3. Adaptive Control 

3.1. Gain Scheduling Method 

A popular approach to nonlinear control design is a divide-and-conquer strategy that 

breaks down the complex problem into simpler linear sub-problems such technique is 

gain scheduling algorithm is a one type of adaptive control method. This allows for the 

application of linear control methods to nonlinear systems. While often categorized as 

open-loop adaptive control, gain scheduling is a more accurate description. This 

technique effectively handles systems with varying dynamics by adjusting controller 

parameters at different operating points based on corresponding process conditions. 

Block diagram of a system with gain scheduling method is depicted in figure 3. 

 

Figure 3. Block diagram of a system with gain scheduling. 

Solving the SISO three tank interacting mathematical model equations 1, 2, and 3 

to obtain PI controller gain values, as follows 
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Substitute equation 4 in equation 5 to get 2h� , 
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Solving the above equation, we get, 
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From the above equation, take ACC 121  �� ; BCC 232  �� ; CCC 33  �� ,  we get, 

]*[)])((*))([(

))((
)(

121212123122

12132312
2

AAABA

ABIA

CCCShACCShA
CShAhCFCh

�����
���
����

����
��    (7) 

Substitute equation 7 in equation 6, 
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To solve the above equation here consider P and Q as below mentioned to 

nullifying the size of equation,
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In next step we have to solve P and after solving equation P, we have to take out 

CBA CCC 32312 ** ���  a terms from denominator of equation 8, 

Then we get, 
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After solving the equation 8, consider restriction coefficient of valve Rx and time 

constant �  for three tank system, then 
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R1 , R2, and, R3 and are 1� , 2� , 3�  coefficients tank 1, tank 2, and tank 3 

respectively. Coefficients in equation 9 is replaced by respective R and � . We get, 
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To derive gain scheduling algorithm, consider a P + I controller equation, 

Closed loop = ��
�
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Equation 10 in equation 11, we get, 
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The characteristics equation is 

A.P. Venkataraman et al. / Design of a Gain Scheduling Algorithm 661



0]

))()()(()

)()(()  [(

33

2

212132313

3

221

3212313213

4

321

���
���������

����

RKSRTKST
SRhARhARhATS

RhARhATST

PIPI

I

II

������

���������

 

0
1

)())((

))(()(
)  [(

321

3

321

3

321

2

321

32231

321

321

3

321

31122123314

321

�
�

�
�
�

�
�

�

�
�
�

�
��


�

�
�
�

� ��
�

��
�


�

�
�
�

� ����
�

I

PP

I

T
RKSRK

SRhARRhA

SRhAST

���������

������
���

���
�����������

 

Compare coefficient of S term: 

321

3

���
RKP

 and coefficient of S2: 

321

321

���
��� ��

  

321

321

321

3

���
���

���
��

�
RKP

 

we get, 

 

3

321

R
KP

��� ��
� .                                 (12) 

Compare coefficient of S term: 
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and coefficient of constant: 
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we get, 

 3RKT PI � .                                           (13) 

Equations 12 and 13 encapsulate the derived PI controller gains for the interacting 

three-tank conical system. These expressions empower precise tuning of the control 

parameters, enabling researchers to meticulously maintain the desired fluid level within 

the specified operational range. 

4. Simulation Results 

An adaptive controller was designed using the gain scheduling method. The simulated 

response of this controller is shown in figure 4. This approach involved establishing a 

relationship between tank parameters and PI controller parameters given in table 2, 

followed by simulation to evaluate performance. All simulations were conducted 

within the MATLAB environment. 

Table 2. PI Controller Values. 

Region Kp Ti 

1 0.179746 0.03128 

2 0.52907 0.125344 

3 0.879969 0.214449 

4 1.23541 0.298854 

5 1.589793 0.383753 
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Figure 4. Simulated results of PI controller values in tank system. 

5. Conclusion 

This study implements an adaptive controller using the gain scheduling technique for a 

three-tank conical system within the MATLAB Simulink environment. Equations 12 

and 13 provide the derived PI controller gains for this interconnected conical tank 

system. Presented values in table 2 and implemented and results are shown in figure 4. 

The simulation results shown that these equations facilitate precise adjustment of 

control parameters, enabling accurate maintenance of the desired fluid level within the 

operating range. 
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