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Abstract. The goal of the load flow study is to ensure that electrical power is deliv-
ered efficiently and reliably to end-users while maintaining the stability and secu-
rity of the power system. Newton-Raphson is a numerical method used widely for
load flow analysis. One of the most computationally expensive steps in this method
is an equation-solving step. We propose to replace this step with HHL, a quantum
algorithm for solving linear systems of equations. HHL is exponentially faster, but
with caveats.

In this study, a hybrid quantum algorithm is proposed for solving load flow. The
Newton-Raphson method is used as a benchmark to compare the performance of
the hybrid quantum algorithm. Although the simulation of the hybrid quantum al-
gorithm takes much time, these preliminary results are encouraging and point to the
potential for the use of quantum algorithms to develop hybrid quantum algorithms
for load flow analysis and related problems.
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1. Introduction

The Load-Flow calculation is a fundamental and widely employed computational tool
within the domain of power system analysis. The solution to load flow serves as a start-
ing point for various related investigations, including continuation power flow, optimal
power flow, and real-time applications [1,2,3]. The analysis of load flow, often referred to
as power flow analysis, is a standard procedure in the assessment and design of electrical
systems [4].

The Gauss-Seidel method is one of the earliest techniques employed to address load
flow problems [1,5,6]. However, it is characterized by slow convergence. Subsequently,
the Newton-Raphson (NR) method was introduced to overcome the convergence limita-
tions of Gauss-Seidel [5,7]. Several software for solving load flow exist [8,9,10]. Among
the most well-known is MATPOWER [8], a program that can be run in MATLAB. For
solving load flow, MATPOWER uses several algorithms, including a Newton-Raphson
method [11] based on [12]. Another option for solving load flow is a Julia library called
PowerModels.jl [9]. It allows for the use of custom solvers such as Gurobi [10]. These
programs for solving load flow take a classical approach. Thus, when solving a nonlin-
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ear system of equations, the algorithms require the inversion of the Jacobian matrix. The
time required to calculate a matrix inverse using Coppersmith-Winograd type of algo-
rithms is O(n2.373) where the matrix is of order n×n. The algorithm due to Strassen [13]
has complexity O(n2.807).

The necessity to compute the inverse of the Jacobian matrix during each iteration
to determine the search direction entails a considerable computational burden. To tackle
this challenge, this paper introduces the use of HHL (Harrow-Hassidim-Lloyd [14]) to
determine the search direction.

CONTRIBUTIONS: This paper develops a hybrid quantum strategy for solving the
load flow problem. Such hybrid quantum algorithms can be used on NISQ quantum com-
puters [15]. We employ the HHL scheme to determine the search direction in each it-
eration of the Newton-Raphson method. This strategy is exponentially faster in theory
[14]. We also conduct a comparative analysis of the performance of classical and quan-
tum methods using simulation studies on two small sized IEEE instances. We solve a
9-bus case; larger than the 5-bus case previously studied [15] albeit on a NISQ quantum
computer.

The remainder of this paper is structured as follows: In Section 3, we briefly intro-
duce the load flow problem and Newton-Raphson method. Section 4 discusses the HHL
algorithm and the changes made to the Newton-Raphson load flow algorithm. Section 5
discusses the setup of our experiment and the results. Finally, in Section 6, we summarize
our findings and draw conclusions based on our study. We also address the limitations of
this approach in the same section.

2. Related Work

Several applications for quantum computation in power systems are described in a re-
cent review [16]. The use of HHL in a closely related study is on the development of a
quantum approach for the fast decoupled power flow [17]. This model uses a constant
Jacobian matrix in each iteration, therefore it offers certain advantages, and the authors
in [18] were able to improve the HHL algorithm when applied to fast decoupled power
flow. The use of HHL to develop a hybrid quantum interior point method for solving lin-
ear programs was explored in [19]. It has recently come to our attention that AC power
flow has been solved on five different NISQ quantum computers for 3-bus and 5-bus
cases by [15]. In this paper, we solve a 9-bus case. They identified scalability as the main
challenge because of the noise. They conclude that as the capability of quantum comput-
ers increases, ”quantum applications for power systems could become extremely useful
for future power system analysis, control, and optimization.” Hybrid quantum algorithms
for DC power flow have been studied in [20,21].

3. Load Flow

This section briefly recalls the load flow problem. Next, we show how to solve the load
flow problem by using the Newton-Raphson approach.
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3.1. Load Flow Components

The load flow analysis used in balanced and three-phase energy systems under the steady-
state condition is generally based on the assumptions described below [22].

• Generators meet all load demands connected to the system, and total power loss
in transmission lines do not exceed their active and reactive power limits.

• Voltage amplitudes of all buses in the system are around the nominal voltage lim-
its.

• Transmission lines and transformers are not overloaded.

In the load flow analysis, variables to be addressed in each bus include the voltage
magnitude |V |, the voltage phase angle δ , the active power P, and the reactive power Q.
Some buses are supplied by generators and are called generation buses. In such buses,
the voltage amplitude and the active power are assumed to be known (constant). Other
buses that are not connected to the generator are called load buses. It is assumed that the
complex load power is known in all buses. More details can be found in [3].

Consider a bus i and the lines connected to this bus, from Kirchhoff’s current law,
we have

Ii =
n

∑
j=1

Yi jVj (1)

where Ii denotes the current at bus i, Yi j is admittance between bus i and bus j, Vj rep-
resents voltage (both magnitude and phase angle) at bus j, and n is the total number of
buses in the system.

The complex power at bus i is given by,

Si =ViI∗i =Vi

(
n

∑
j=1

Yi jVj

)∗
=Vi

n

∑
j=1

Y ∗
i jV

∗
j . (2)

Noting that

Yi j = Gi j + jBi j (3)

Vi = |Vi|e jδi = |Vi|(cosδi + j sinδi) (4)

where Gi j and Bi j elements are real and complex portions of the admittance function,
Eq. (2) can be written as follows:

Si =
n

∑
j=1

|Vi||Vj|(cos(δi −δ j)+ j sin(δi −δ j))(Gi j − jBi j) . (5)

This equation can be broken into the active and reactive power components as follows,
where Pi (Qi) is the active (reactive) power:
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Pi =
n

∑
j=1

|Vi||Vj|(Gi j cos(δk −δ j)+Bi j sin(δi −δ j)) (6)

Qi =
n

∑
j=1

|Vi||Vj|(Gi j sin(δi −δ j)−Bi j cos(δi −δ j)) . (7)

3.2. Newton-Raphson for Load Flow

For a detailed description of the Newton-Raphson method see [11]. Here we give an
overview. Active and reactive power values of load buses in the power system with n
buses can be written as follows [3]:

Pi =
n

∑
j=1

Yi j|Vi||Vj|cos(δi −δ j) (8)

Qi =−
n

∑
j=1

Yi j|Vi||Vj|sin(δi −δ j). (9)

Eqs. (8) and (9) form the nonlinear equation system containing independent variables
(voltage amplitude and voltage phase angle). The change in |V | and δ can be written
using the Taylor’s series for i ∈ {1,2, ...,n}:

ΔPi =
n

∑
j=1

∂Pi

∂δ j
Δδ j +

n

∑
j=1

∂Pi

∂ |Vj|Δ|Vj| (10)

ΔQi =
n

∑
j=1

∂Qi

∂δ j
Δδ j +

n

∑
j=1

∂Qi

∂ |Vj|Δ|Vj|, (11)

where ΔP and ΔQ represent power mismatches. They represent the difference between
specified powers and calculated powers. Note that Eqs. (10) and (11) can be written in
form:

ΔPi =
n

∑
j=1

∂Pi

∂δ j
Δδ j +

n

∑
j=1

∂Pi

∂ |Vj| |Vj|Δ|Vj|
|Vj| (12)

ΔQi =
n

∑
j=1

∂Qi

∂δ j
Δδ j +

n

∑
j=1

∂Qi

∂ |Vj| |Vj|Δ|Vj|
|Vj| . (13)

In order to find the solution for the load flow problem, we consider the Jacobian matrix
of Eqs. (12) and (13) as in [3]:

J =

[
∂P
∂δ

∂P
∂ |V |

∂Q
∂δ

∂Q
∂ |V |

]
. (14)

We define:

Δβ :=
[

ΔP
ΔQ

]
. (15)
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Therefore the direction for Newton’s method can be obtained by solving the following
system [3]:

Δα :=
[

Δδ
ΔV
|V |

]
= J−1Δβ , (16)

in which J−1 denotes the inverse of the matrix Jacobian. Now δ and |V | can be updated
by using the following rules:

δ k+1 = δ k +Δδ (17)

|V k+1|= |V k|+ ΔV
|V k| |V

k|. (18)

The Newton-Raphson method is shown in Algorithm 1. As the number of buses in-
creases, the computation of the inverse of the Jacobian is prohibitively expensive. To ad-
dress this challenge, we leverage quantum computation techniques. We obtain the search
direction using a quantum algorithm (HHL) which does not require explicit computation
of the inverse of the Jacobian. Next, we outline the HHL algorithm.

Algorithm 1 Newton Raphson Load Flow
Input: P,Q,V,δ
Calculate Y
Initialize unknown V/δ values
while Stop condition is not true: do

Compute P and Q values by using Eqs. (8) and (9).
Compute J
Solve the system in Eq. (16)
Update V and δ

end while

Output: V,δ

4. HHL

HHL is a quantum algorithm for solving linear systems of equations. It is exponentially
faster than the fastest known classical algorithm for solving linear systems of equations
[14] under some assumptions. In this section, we provide a brief overview of HHL. We
also explain how to use HHL to determine the search direction in the Newton-Raphson
method. This gives a hybrid quantum algorithm for solving load flow.

4.1. QFT

One of the key components of HHL is the Quantum Fourier Transform (QFT). QFT
is the quantum implementation of the Discrete Fourier Transform (DFT). The QFT is
completely specified by its action on each of the basis states, shown below,
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QFT | j〉= 1√
N

N−1

∑
k=0

e2πi jk
N |k〉 (19)

where N = 2n. The Unitary for QFT can be implemented with only O(n2) gates which
is an exponential improvement compared to O(N logN) steps for the classical recursive
algorithm.

4.2. QPE

Another subroutine used within many quantum algorithms, including HHL, is Quantum
Phase Estimation (QPE). The input to QPE is a quantum circuit that implements some
Unitary U . Also given as input is a quantum state |ψ〉 which is an eigenvector of U , i. e.,

U |ψ〉= λ |ψ〉 (20)

The eigenvalue λ can be represented as e2πiθ . QPE estimates the value θ up to some
precision. The circuit that implements QPE uses two quantum registers. The first register
has m qubits which specify the precision of θ . The second register contains n qubits used
to specify eigenvector |ψ〉. A uniform superposition is created in the first register using
the unitary H⊗m. Next, a controlled version of the unitary U (C−U) is applied where the
last qubit of the first register is the control. Then, two C−U gates are applied using the
second last qubit of the first register as control. This pattern then continues with twice as
many gates as previously are applied from the third last qubit of the first register to the
second register all the way until 2m−1 C−U gates are applied using the first qubit of the
first register as the control as shown in Figure 1.

An estimate of θ in the Fourier basis is now in the first register. Now, since the
estimate of θ that we have is in the Fourier basis, we need to convert it into the com-
putational basis using the adjoint circuit for QFT, QFT†. At this point, the first register
contains our estimate of θ in the computational basis. If the value in the first register is
a, then θ = a

2m . This circuit is shown in Figure 1.

...
...

|u〉n · · · |u〉n

|0〉m

H

QFT † |2mθ〉
H

H

U U2m−2
U2m−1

Figure 1. QPE Circuit

4.3. HHL Algorithm

Given the following system of linear equations
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Ax = b, (21)

HHL computes a quantum state |x〉 which corresponds to the solution x. We assume
without loss of generality that A is a Hermitian matrix of size N ×N where N = 2n. That
is, A = A† and x,b have appropriate dimensions.

Since A is Hermitian, it can be written in terms of its eigenvalues (λ j) and eigenvec-
tors (

∣∣u j
〉
) as

A =
N−1

∑
j=0

λ j|u j〉〈u j|. (22)

The inverse is

A−1 =
N−1

∑
j=0

λ−1
j |u j〉〈u j|. (23)

Let us represent the state |b〉 in the eigenbasis of A as

|b〉=
N−1

∑
j=0

b j|u j〉. (24)

The problem of determining |x〉 can now be written as

|x〉= A−1|b〉=
N−1

∑
j=0

λ−1
j b j|u j〉. (25)

The circuit for HHL consists of three registers. The first register contains a single
auxiliary qubit which is used for a conditional rotation (more on this later). The second
register with m qubits is essentially the first register of QPE. Finally, the third register is
initially the state |b〉 and contains |x〉 at the end of the algorithm.

The first step of HHL is to load |b〉 into the third register, which now is in state,
|b〉log2 N |0〉m|0〉. We then perform QPE using the second and third registers. As A is Her-
mitian and not Unitary, we use the Unitary eiAt = ∑N−1

j=0 eiλ jt |u j〉〈u j|, where t is some
predetermined value. Using QPE we obtain eλi from which we then obtain λi. At the end
of QPE, the circuit is in the state(

N−1

∑
j=0

b j|λ̂ j〉m|u j〉log2 N

)
|0〉, (26)

where

λ̂ j = 2m λ jt
2π

. (27)

After QPE, we apply a controlled Y-rotation where the second register is the control. The
resulting state is
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N−1

∑
j=0

b j|λ̂ j〉m|u j〉log2 N

(√
1− C2

λ 2
j
|0〉+ C

λ j
|1〉)
)
, (28)

where C is a constant. Next, we apply QPE†. This puts the circuit into the state

N−1

∑
j=0

b j|0〉m|u j〉log2 N

(√
1− C2

λ 2
j
|0〉+ C

λ j
|1〉)
)
. (29)

We then measure the auxiliary qubit. If the result is |0〉, then we repeat the experiment.
If the result is |1〉, then we have λ−1

j . At this point, the third register is approximately
in the state |x〉 just as desired. The application of the Unitary results in a superposition
governed by Eq. (29). The probabilities have to be recovered using quantum tomography
techniques [23,24,25]. The circuit for HHL is in Figure 2.

|0〉 |0〉

|0〉m |0〉m

|b〉log2 N |x〉log2 N

R

QPE QPE†

Figure 2. HHL Circuit

4.4. Newton-Raphson Load Flow With HHL

Solving a linear system of equations can be time-consuming as the number of elements
in the vectors and matrices increases. However, it may be possible to improve the time
needed to reach a solution by utilizing a quantum algorithm. Thus, we make a modifi-
cation to the Newton Raphson load flow algorithm discussed in Section 3.2. Rather than
computing the system in Eq. (16) classically, we solve it using HHL.

Algorithm 2 Newton Raphson Load Flow with HHL
Input: P,Q,V,δ
Calculate Y
Initialize unknown V/δ values
while Stop condition is not true: do

Compute new P and Q values
Compute J
Solve system in Eq. (16) by using HHL
Update V and δ

end while

Output: V,δ
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5. Experiment and Results

5.1. Experiment

We coded the classical algorithm using Python, and the hybrid quantum algorithm uti-
lized Qiskit 0.42.0 along with the quantum-linear-solvers package for HHL. We ran the
algorithm on two widely used test cases: the ”Case3” system from [4] and ”Case9Q”
from the MATPOWER cases library [26].

Table 1. Case Resource Statistics

Case # of CPUs Memory Time Limit Time Elapsed

Case 3 1 8 GB 1 hr 3 m 12 s

Case 9Q 1 64 GB 72 hr 12 hr 34 m 19 s

5.2. Results

We note the time required to solve each case using the two different Newton-Raphson
load flow algorithms (this information is in Table 2). For Case 3, the classical algorithm
took 0.0028 seconds, while the hybrid quantum algorithm took 193.9069 seconds. For
Case 9Q, the classical algorithm took 0.0169 seconds, while the hybrid quantum algo-
rithm took 40305.7813 seconds. The algorithm using HHL took over 69000 times longer
to solve Case 3 and over 2384000 times longer to solve Case 9Q because the simulation
is exhaustive. This has also been noted in [19]. Moreover, the time complexity improve-
ments expected from HHL are highly dependent on the characteristic number of the ma-
trix being used and this requires further study. If indeed the hybrid algorithm was run on
a suitable quantum device then each iteration would be faster. The issues of loading the
initial state and extracting the solution from the superposition |x〉 increase the complex-
ity of the hybrid quantum algorithm [19]. We analyzed the iteration counts required by

Table 2. Time to Solve Cases

Case/Version Time to Solve

Case 3/Classical 0.0028s

Case 3/HHL 193.9069s

Case 9Q/Classical 0.0169s

Case 9Q/HHL 40305.7813s

both algorithms. We set the stopping condition as Δα ≤ 1e− 8 for both the scenarios.
For ”Case 3,” the classical algorithm converged in 4 iterations, while the hybrid quan-
tum algorithm required 7 iterations. For ”Case 9Q,” the classical algorithm needed 10
iterations to converge, whereas the hybrid quantum algorithm required 11 iterations.

It’s important to note that in both cases, the algorithm using HHL required more
iterations than the classical algorithm, but it still achieved convergence. Additionally, the
increased number of iterations in the HHL-based algorithm did contribute to the overall
computational time required in the simulation.

Finally, we look at how significant the difference between the step direction Δα
obtained by the classical algorithm and the hybrid quantum algorithm is. For this com-
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parison, we compute the second norm of the difference in the two step directions
(||ΔαCL −ΔαHHL||2). As seen in Table 3, the difference between the solutions for Case 3
in the first iteration is less than 0.01 but is still fairly significant. However, in each sub-
sequent iteration, the difference decreases, and when the algorithm with HHL converges
in iteration 7, the difference is less than 1e−9. Similarly, in Case 9Q (shown in Table 4),
the difference between the solutions is also less than 0.01 in iteration 1. It then decreases
in each subsequent iteration, and when the algorithm with HHL converges in iteration
11, the difference is less than 1e− 11. So, we can see that as more iterations occur, the
solution provided by HHL becomes more accurate.

Table 3. Iterations of Case 3

Iteration ||ΔαCL −ΔαHHL||2
1 0.0036

2 0.0003

3 2.1845e-05

4 1.6773e-06

5 1.2872e-07

6 9.8784e-09

7 7.5807e-10

Table 4. Iterations of Case 9Q

Iteration ||ΔαCL −ΔαHHL||2
1 0.0034

2 0.0005

3 1.1144e-05

4 1.3193e-07

5 3.4950e-08

6 8.3729e-09

7 1.9885e-09

8 4.7059e-10

9 1.1138e-10

10 2.6360e-11

11 6.2386e-12

6. Conclusion

This paper introduces a hybrid quantum algorithm to solve the load flow problem. We
compared the hybrid quantum algorithm with the Newton-Raphson method on standard
test cases. The simulation of the hybrid quantum algorithm takes much time. Therefore
our experimental study is limited. This preliminary study highlights the potential use
of quantum algorithms to develop hybrid quantum algorithms for load flow and related
problems which can be solved faster on a quantum machine. Hybrid quantum algorithm
hold great promise for speeding up computationally expensive linear algebra operations
as identified here. As part of a future study we plan to investigate preconditioning tech-
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niques [27] to reduce the condition number of the admittance matrix, and a modification
to the QPE scheme in HHL [14] which is less sensitive to the condition number.
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