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Abstract. Protodyakonov’s pressure arch theory (PPAT) has been widely used in 
rock engineering design owing to its conciseness and clear engineering concept. 
However, the applicability of this theory to soil formations has not yet reached a 
consensus, mainly because of the lack of criterion for stable arching in soil and the 
fact that soil has a much lower strength than rocks. To fill this gap, the PPAT 
based on arch assumptions and arch stability requirements is revisited in this paper. 
A modified arch equation (M-PPAT) is established considering the lateral stress 
and arch foot resistance. Expressions for the arch strength and arch foot stability 
criteria are given. A trapdoor test and PFC2D simulation is conducted to verify the 
M-PPAT. The difference between the arch height calculated by M-PPAT and the 
trapdoor test result is only 3.3%, which is much better than the height given by 
PPAT. The particle flow simulation results for the trapdoor test by PFC2D show 
that the particle material can form a stable naturally balanced arch (NBA), and the 
shape of the arch is very close to the test results. Taking typical rock and soil 
formations as examples, the inferences obtained by M-PPAT are discussed. The 
arch foot stability criterion was used to test the stability of the arches formed in the 
soil using the arch axis equation, which does not consider the arch foot stability, 
and it was found that these arches are unstable except for M-PPAT. The arch 
height of stable NBA is limited by the arch foot stability criterion, and the 
maximum buried depth for stable NBA was found to be limited by the arch 
strength criterion. Since M-PPAT does not consider cohesion, this theory should 
be used with caution in cohesive soil formations. The research results can be used 
to determine the applicable scope of the surrounding earth pressure calculation 
method that is based on the PPAT. Moreover, they have reference value for 
designing underground space structures. 

Keywords. Soil arch, arching criterion, surrounding earth pressure, arch strength 
criterion, arch foot stability criterion 

1. Introduction 

Proposed by the Soviet mining expert Protodyakonov in the 1930s, the pressure arch 

theory is a classical approach for evaluating rock loads acting on tunnels. It was 
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established based on the following facts: The excavation of an underground cave leads 

to stress redistribution in the surrounding rock, ultimately leading to the formation of a 

naturally balanced arch (NBA). The surrounding rock load on a tunnel structure is 

mainly the gravity of the loosening rock or soil below the arch. This theory has been 

widely used in rock engineering design owing to its conciseness and clear engineering 

concept, although the arch height in the codes [1-3] is determined using an empirical 

formula rather than an arch equation [4-6]. In view of the advances made using this 

theory in the design of mountain tunnels, urban underground space designers want to 

know whether this theory could be applied to soil formations. A challenging issue in 

the application of the classical arch theory to soil formations is that the strength of soil 

is much lower than that of rocks, which may prevent the formation of a stable NBA.  

Although the arch effect is extensively employed in geotechnical engineering [7] 

and has received considerable attention [8-11], studies on the stability of the NBA are 

lacking. Hall et al. [12] proved that dilatancy and cohesiveness are the two conditions 

required for the stability of a sand arch around a wellbore. Guo et al. [13] derived the 

critical width of a stable arch made of a cohesionless material and the inclination angle 

at its foot relative to the horizontal by conducting trapdoor tests and stress-free surface 

analyses. Xu et al. [14] discussed the arching capacity of Shanghai clay by performing 

a series of centrifugal model tests. The authors concluded that arching cannot be done 

while tunneling in clay strata with an excessively shallow depth. Liang et al. [15,16] 

analyzed the influence of lithology and horizontal stress on the position and shape of 

the arch. The authors believed that the horizontal stress can provide sufficient support 

for the stability of the arch foot. Wang et al. [17] deduced the relationship between the 

bearing capacity of a rock arch structure and the horizontal reaction force. Jia et al. [18] 

studied the stress release characteristics of sand arches through model tests and 

numerical simulations. Based on the double-shear strength theory, Li et al. [19] 

determined the minimum buried depth of a natural arch of a soil tunnel. Niu et al. [20] 

outlined the necessary conditions for a stable arch: (1) There should be a “self-bearing 

structure” with a load transfer mechanism to maintain the stability of the surrounding 

rock; (2) The stable arch materials should meet the strength requirement; (3) The 

surrounding rock of the arch foot can provide sufficient support. Yang et al. [21] 

studied the influence of the lateral pressure coefficient on arching. Zheng et al. [22] 

proved through model tests and numerical simulations that if the strength of the 

surrounding rock material is too low, a stable NBA cannot be formed. Zhang et al. [23] 

established a composite tunnel surrounding rock structure model based on the arch 

theory and proposed a displacement criterion for judging the stability of arch structures. 

From the above research, the stability of soil arches is mainly related to the buried 

depth, cave span, soil parameters, lateral pressure coefficient, and other factors. The 

requirements for a stable arch formation in a rock mass have been put forward. 

However, the arching criterion is too complicated for engineering practice. Criteria for 

judging the stability of an NBA in soil formations are still required. A problem similar 

to the arch stability is the surrounding rock stability, whose representative criteria are 

the safety factor criterion based on the strength reduction method [24-26], displacement 

criterion based on theoretical derivation [26,27], empirical criteria based on field 

monitoring and numerical simulation [28,29], reliability criteria based on probability 

theory [30], and other comprehensive evaluation methods [31-33]. The self-

stabilization span and time of an underground cave obtained on the basis of various 

rock mass quality classification standards [34,35] are derived from engineering 
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experience. The research results can be used as references for arch stability analyses, 

but cannot be directly used for judging the arch stability. 

This study mainly improves the PPAT and establishes a stability criterion for NBA. 

An improved arch equation named M-PPAT is established considering the lateral stress 

and arch foot stability. Expressions for the arch strength criterion and arch foot stability 

criterion are given. A trapdoor experiment combined with a PFC2D numerical 

simulation is performed to verify the M-PPAT. Finally, typical rock and soil formation 

cases are taken as examples to show some interesting inferences and applicability of 

M-PPAT. The research results can be used to determine the applicable scope of the 

surrounding earth pressure calculation method that is based on the PPAT. Moreover, 

they have reference value for designing underground space structures. 

2. Revisiting PPAT 

2.1. Arch Stability Requirements 

In the PPAT, it is assumed that an arch is rigid with an unlimited strength. In practice, 

the arch is made up of rock or soil materials with a limited strength. The arch material 

may undergo strength failure under a high axial force. The material damage can be 

analyzed in the stress space; however, what is obtained from the PPAT is the axial 

force instead of the stress. Although Niu et al. [20] put forward three conditions for a 

stable arch, it is difficult to judge whether the arch material is in a yielding state or not 

based on the magnitude of the force. To solve this problem, Zhang et al. [23] calculated 

the stress in the arch by assuming the arch thickness without providing a method to 

determine the thickness, making it difficult to use the proposed criterion. Note that the 

internal force of the arch is only the axial force; it can be considered that the arch 

material is in a state of uniaxial stress. As long as the axial stress in the arch is lower 

than the uniaxial compressive strength of the material, the arch will not undergo 

strength failure. Because the axial stress direction in the arch is tangent to the arch 

equation, the axial stress in the arch can be considered the tangential stress. If the 

tangential stress of the arch can be determined, the strength criterion that the arch 

material needs to meet can be established. 

The PPAT does not fully consider the arch foot stability. When Protodyakonov 

determined the magnitude of the horizontal force at the arch foot, the author believed 

that the arch foot was prone to horizontal displacement and changed the internal force 

of the entire arch, which means that the arch foot would slide into the rock or soil mass 

in the horizontal direction. However, in practice, the stability of the entire arch depends 

on the bearing capacity of the rock or soil at the arch foot. Since the failure plane due to 

sliding at the arch foot has been assumed to form an angle of 45° −
�
� with the side wall 

of the cave, the most likely mode for arch foot instability is sliding to the cave along 

the assumed failure plane, as indicated by the red dashed line in figure 1. Therefore, the 

second requirement for forming a stable NBA is that the arch foot should not slip along 

the failure plane. 
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Figure 1. Potential failure mode of a naturally balanced arch. 

2.2. Assumptions of modified PPAT（M-PPAT） 

Some necessary assumptions are required to establish a new arch equation considering 

the stability of the arch foot. Nevertheless, based on the assumptions of the PPAT, an 

arch material is a type of loose rock or soil medium with little cohesiveness. The rock 

or soil mass at the roof of the cave will form an NBA after excavation. Two failure 

planes with an angle of 45° � �

�
 with respect to the side wall of the cave are formed. A 

uniform vertical strata pressure � acts on the top of the arch, and a uniform horizontal 

earth pressure of λ� acts on the side of the arch, as illustrated in figure 2. The lateral 

pressure coefficient λ is assumed to be  0 
 � � 1. Under the action of the external 

force, the internal force of the arch is only the axial force without bending moment or 

shear force. 

 

Figure 2. Schematic of the decomposition of the force at arch foot. 

Assuming that the arch foot bears the thrust �′ in the horizontal direction, the 

condition for the arch foot not to slide is that the decomposition of the supporting 

reaction force ��� along the failure surface is less than the decomposition of �′ along 

the failure surface, as indicated by the red dashed line in figure 2. �′ can be given based 

on the reaction vertical force, without considering the hardness coefficient of the soil, 

which is difficult to determine.  

Evidently, the main difference between the new theory and the classical PPAT is 

that the arch foot stability and the side pressure are considered. For the arch obtained 

under the new hypothesis, the arch foot is ensured to be in a stable state. The arch 

equation considering the side pressure is not novel. Some scholars [35] have considered 

it; however, the stability of the arch foot was not considered. 
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2.3. M-PPAT 

The NBA axis is assumed to be a curve. Half of the curve is taken as the analysis object. 

The curve is subjected to a vertical uniform load � and a horizontal uniform load λ�. 

The cross section at the top of the curve is subjected to an internal force � in the 

horizontal direction. The arch foot is subjected to a horizontal force �′ and a vertical 

reaction force ���. The height of the arch is ��, and the half span of the arch is ��. The 

above assumptions are illustrated in the analysis diagram shown in figure 3.  

Since there is no bending moment of the arch, taking any point M (x, y) on the arch  

as the analysis object, the moment at any position on the arch relative to this point is 0.  

 Thus,  

 

Figure 3. Analysis model of M-PPAT. 

�� � �

�
��� � �

�
����                                          (1) 

Based on the horizontal force balance, an equilibrium equation can be obtained. 

� � �� � ����                                               (2) 

If the arch is to be stable, it is necessary to prevent the arch foot from slipping off 

along the assumed failure plane. Thus,  

�′ sin �45° � �

�
� � ��� cos �45° � �

�
�                           (3) 

That is,  

�′ � ��� cot �45° � �

�
�                                         (4) 

For safety, 

�� � �

�
��� cot �45° � �

�
�                                          (5) 

Substituting Equation (5) into Equations (1) and (2) and subtracting q yield the 

following:  

�� � ��� � ��� cot �45° � �

�
� � 2���� � � 0                       (6) 

This is the modified arch equation considering the lateral pressure and the stability 

of the arch foot. The equation represents an ellipse. The ratio of the major axis to the 

minor axis of this ellipse is √�; in other words, the shape of the arch formed under the 

action of the external force is determined; however, the size varies with the parameters 

of the cave and surrounding rock.  

Based on the assumptions made previously, the angle between the failure plane 

and the side wall is 45° � �

�
, and �� is given by the following formula: 

�� � � � ℎ tan �45° � �

�
�                                            (7) 
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Here, � is the half span of the cave, ℎ is the height of the cave, and � is the friction 

angle of the surrounding rock. Substituting � = �� and � = �� into Equation (6) yields:  

�� =

���� 	
���
°��

�
��∙�������	���
°��

�
����	��
°��

�
��

��                             (8) 

For the convenience of a comparative analysis, assuming the horizontal thrust ��of 

the arch foot satisfies the equation �� =
�
����	, the arch equation that considers the 

lateral pressure but does not consider the arch foot stability can be obtained as follows. 

�� + 
�� − ���	 + 2
���� = 0                                    (9) 

Equation (9) is also an ellipse. The arch height can be given as: 

�� =
���� 	
���
°��

�
��∙����������

��                                    (10) 

The ratio of the long axis to the short axis of Equation (10) is still √
. For the 

convenience of expression, the arch equation represented by formula (9) can be simply 

called L-PPAT. 

3. Stability Criterion of NBA 

3.1. Arch Strength Criterion 

The internal force of the arch line can be calculated from the arch equation. However, 

to assess whether the arch is damaged or not under the action of the axial force, the 

force analysis of the arch should be converted to the strength analysis of the arch 

material. Since the shape of the NBA is a stable ellipse overall, the rock or soil 

surrounded by the arch ring is a loose medium, and ignoring the influence of gravity, 

the internal force of the arch can be approximated based on the stress distribution of an 

elliptical cave. The stable arch material should meet the strength requirements; 

therefore, it can be considered that the arch is in an elastic stress state, and the stress 

distribution of the elliptical cave can be obtained using the linear elastic solution. 

Under the stress conditions shown in figure 3, only the tangential stress component �� 

at the wall of the elliptical cave is not 0; thus, the tangential stress ��  can be 

approximately equal to the internal pressure stress of the arch. Therefore, the arch 

strength criterion can be established by checking whether the arch internal stress meets 

the material strength requirements.  

The tangential stress component �� of the elliptical cave [36] can be expressed as 

follows: 

�� =
��������  !�� ������������ �� � ���"

 !�� ���� �� � �                            (11) 

Here, � is the vertical earth pressure acting above the arch, � =
#
$ = √
, � is the 

minor axis of the elliptic curve, and � is its major axis. Substituting � into Equation 

(11) yields:  

�� = ��1 + √
�� −
���

 !�� ��� �� � �                                    (12) 

Based on the results of the previous analysis, the tangential stress of the 

surrounding rock at the top of the arch should be lower than the uniaxial compressive 

strength of the rock mass. Thus, 

�� ≤ �% ∙ �&                                                   (13) 
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where �% is the standard value of the uniaxial compressive strength of the rock block in 

laboratory tests, and �&  is the rock mass integrity coefficient, which is equal to the 

longitudinal wave velocity of the rock mass divided by the longitudinal wave velocity 

of the rock blocks. As the lateral pressure coefficient λ is assumed to be 0 < 
 ≤ 1, 

when � = 0, the tangential stress of the elliptical cave is the highest from Equation (12). 

The materials at the top of the arch are the first to fail. Substituting � = 0 into Equation 

(12), Equation (13) becomes: 

� ��√
 + 1�� − 2� ≤ �% ∙ �&                                     (14) 

Equation (14) is the strength criterion of a stable rock arch. Let � = ���, � is the 

equivalent weight of the overlying strata, and �� is the buried depth of the arch. 

Substituting it into Equation (14) yields:  

�� ≤
'�∙(�

)�*√���,����                                                   (15) 

This is the burial depth limitation for arching in rock formations. For soil 

formations, �% ∙ �&  in Equation (15) is substituted with the unconfined uniaxial 

compressive strength of the soil material, �-, namely  

�� ≤
��

)�*√���,����                                                   (16) 

This is the buried depth limitation for a stable soil arch.  

3.2. Arch Foot Stability Criterion 

In addition to the insufficient material strength threatening the stability of a balanced 

arch, the slippage of the arch foot along the assumed failure plane is another reason for 

the arch instability. Suppose the force of the arch on the rock mass at the arch foot is � 

and the comprehensive friction coefficient on the failure plane is �, a stable arch foot 

should satisfy: 

�� sin �45° −
�
� + �� ≥ � cos �45° −

�
� + ��                   (17) 

The force � on both sides of Equation (17) is eliminated, without considering the 

cohesion effect, then, � = tan�, and, 

tan �45° −
�
� + �� ∙ tan� ≥ 1                                  (18) 

where � is the internal friction angle of the surrounding rock, and �  is the angle 

between the force at the arch foot and the vertical line. As the horizontal reaction force 

at the arch foot is determined by Equation (5) and combined with the vertical reaction 

force being ���, the following can be written: 

� = 90° − tan�� ��� cot �45° −
�
���                                 (19) 

Equation (17) is the criterion for the stability of the arch foot, which is a sufficient 

criterion for arching. When � = tan�, the equation is only suitable for sandy soils. For 

a cohesive stratum, the calculated internal friction angle �. should be used instead of 

the internal friction angle �. Arches with assumptions that do not satisfy Equation (18) 

will be unstable and will collapse along the failure plane. 
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4. Verification 

Currently, the experiment used to study the natural arching of granular materials is 

mainly the trapdoor test. Terzaghi [9] first conducted this experiment and revealed the 

process and regular pattern of the formation of a stable NBA. Many follow-up studies 

[37-46] were conducted to further explore the arching mechanism of granular materials 

through this experiment and discrete element methods. Therefore, the trapdoor 

experiment combined with the PFC2D numerical simulation can be used to verify the 

rationality of the revisited method proposed in this article. 

4.1. Trapdoor Test 

4.1.1. Test Apparatus 

The test apparatus is mainly composed of structural plates, plexiglass, and anchor bolts 

(see figure 4). The plexiglass and structural plates are kept hollow. The thickness of the 

hollow part is approximately 20 mm, the height is 700 mm, and the width is 500 mm. 

Different granular materials can be filled. The plexiglass is 12 mm thick and has a 

strong lateral rigidity to ensure that the amount of compression deformation during the 

test is negligible. Different from the vertical outlet design of the classical trapdoor test 

apparatus, the bottom outlet is designed as an inverted trapezoid. The width of the 

lower outlet of the trapezoid is 40 mm, and the width of the upper outlet is 145 mm. 

The angle α  between the trapezoidal inclined plane and the horizontal plane is 

approximately 60°. This design is mainly to simulate the failure process of the NBA 

along the failure plane as aforementioned. 

 

Figure 4. Trapdoor apparatus. 

4.1.2. Granular Materials and Test Process 

Pea stones are used as test granular materials. Table 1 presents the characteristics of the 

particles with different sizes. Figure 5 shows the gradation curve of the pea stones. The 

friction angle, static lateral pressure coefficient, and hardness coefficient of the pea 

stones are taken as the parameters of the coarse-grained soil, as listed in table 2. From 

tables 1 and 2, the diameters of the pea granite particles are mainly distributed in the 

ranges of 5–8 mm and 8–12 mm, accounting for 43.7% and 42.9%, respectively. 

During the test, the first step is to seal the lower exit of the trapdoor with a transparent 

glue and then fill pea stones to a predetermined height of 250 mm. Subsequently, the 
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test apparatus is erected. After the preparation work is completed, the transparent glue 

at the exit of the trapdoor is carefully torn off, so that the pea stones at the exit are 

suspended and fall freely. A stable arch, as shown in Figure 6, can be formed until the 

pea stones above the arch no longer fall. 

Table 1. Characteristics of pea stones with different sizes. 

Particle 

size(mm) 
>12 8-12 5-8 3.5-5 1.0-3.5 <1.0 

Image  

      

Table 2. Parameters of pea stones. 

Cohesion(kPa) Friction angle �(°) Static lateral pressure coefficient Hardness coefficient of � 

0 42 0.4 2.0 

       

Figure 5. Gradation curves of pea stones.         Figure 6. Pea stone trapdoor test arching diagram. 

4.1.3. Test Results 

 A stable NBA is formed in this trapdoor experiment (figure 6). The arch foot fell on an 

inverted trapezoid slope. The left foot arch crossed the slope at approximately 92°, and 

the right foot arch crossed the slope at approximately 85°. The position of the right arch 

is slightly higher than that of the left arch, and the upper arch axis is approximately arc-

shaped. The measured arch span 2�� is 56 mm, and the arch height �� is 12 mm.  

4.2. PFC2D Simulation 

To further explore the arching mechanism of granular materials in the trapdoor 

experiment, PFC2D is used to simulate the test process. The PFC2D is a discrete 

element simulation product developed by ITASCA, which is based on the granular 

material simulation method proposed by Cundall et al. [47]. The software has been 

proved to be a good numerical tool for simulating the mechanical behavior of granular 

materials. 

The linear contact model is used to simulate the ball-to-ball contact and the ball-to-

surface contact. According to the results of the gradation test, the grain size of 3.5mm 

or more of the pea stones used in the trapdoor test accounts for more than 95%, so the 

simulated particle size is set between 3.5~12mm, and the particle spheres are generated 

according to the gradation curve in figure 5. Table 3 presents the model parameters. 
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The initial height of the covering layer is consistent with the initial height employed in 

the trapdoor test. The model exit is still an inverted trapezoid.  

Table 3. Input parameters for PFC2D simulation. 

Model type Model 
Normal stiffness ��

（Pa） 

Shear 

stiffness ��

（Pa） 

Friction 
Normal critical 

damping ratio 

Ball-ball 

contact model 
Linear 1e8 1e8 1.0 0.8 

ball-facet 

contact model 
Linear 1e10 1e10 0.3 0.8 

The simulation results show that the falling of the granular material forms a stable 

NBA, as shown in figure 7. The arch feet of the NBA on both sides simulated by 

PFC2D cross the inclined plane at approximately 90°, the right arch foot is slightly 

higher than the left arch foot, and the force chain between the particles of the arch 

forms a typical arch. This is similar to the trapdoor test results. 

   

(a) Contact force distribution between balls       (b) Arch of the force chain 

Figure 7. PFC2D simulation of the naturally balanced arching phenomenon. 

4.3. Comparative Analysis 

To verify the rationality of M-PPAT, the trapdoor test results were used to calculate the 

arch heights by PPAT, L-PPAT, and M-PPAT respectively. Among them, PPAT arch 

height is calculated by formula (20), L-PPAT arch height is calculated by formula (10), 

and M-PPAT arch height is calculated by formula (8).  

�� � ��

�
                                                   (20) 

In the formula(8), (10) and (20), �� takes the measured value of the trapdoor test, # 

is the hardness coefficient of pea stones and equals 2, the friction angle $ is taken from 

table 2. The calculation results of each method (including the height of NBA formed by 

PFC simulation) are listed in table 4, and the error between each method and the test 

result is given. 

Table 4. Comparison of measured, simulated and calculated results. 

Method PPAT L-PPAT M-PPAT Trapdoor test PFC2D 

Arch height b� (mm) 14.0 12.8 11.6 12.0 9.5 

Error  16.7% 6.9% 3.3% 0% 20.8% 
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It can be seen from table 4 that the differences between the calculated results of 

PPAT, L-PPAT and M-PPAT and the trapdoor test results are 16.7%, 6.6%, and 3.3%, 

respectively. This result shows that when the lateral stress is not considered, the 

calculated arch height will greatly deviate from the actual arch height that can be 

formed by the granular material. The M-PPAT, which considers the lateral stress and 

the stability of the arch foot at the same time, is closer to the measured value of the 

trapdoor test than the L-PPAT which only considers the lateral stress. 

The results of the PFC2D simulation are quite different from the measured values 

in the experiment. This is not only because the numerical simulation results depend on 

the input parameters, but also because the particles in PFC2D are round particles, 

which are quite different from the shape of the pea stones. The equivalent relationship 

between the two has not been found. But the PFC2D simulation result can still show 

that the granular material could form a stable NBA, but the arch height it could form is 

very limited, unlike the PPAT reveals. 

5. Discussion 

5.1. Arch Height and Stability 

To illustrate the application of the revisited arch equation and arching criterion in the 

design, the following examples are taken: typical silty clay, clay, dry compacted sand, 

strongly weathered mudstone, moderately weathered sandstone, and moderately 

weathered limestone formations. Table 5 lists the parameters. Assuming that each 

stratum is a single uniform stratum, in which a cave with a span of 6 m and a height of 

6 m is excavated, the arch height of each theoretical hypothesis is calculated using the 

aforementioned theoretical formula, and each arch is judged on the basis of the stability 

criterion of the arch foot. Table 6 presents the results.  

Table 5. Case parameters. 

strata type � � (kN/m3) � (m) � (m) f �(°) 

silty clay 0.6 18.5 3 6 0.5 20 

clay 0.55 19 3 6 1 20 

dry compacted sand 0.58 19 3 6 0.8 25 

strongly weathered mudstone 0.45 26 3 6 2 40 

moderately weathered sandstone 0.35 26 3 6 4 42 

moderately weathered limestone 0.43 24 3 6 6 45 

In various soil formations, the arch height of the PPAT is much higher than those 

of L-PPAT and M-PPAT. Except for M-PPAT, neither PPAT nor L-PPAT meet the 

requirements of arch foot stability. Although the arch heights calculated by PPAT and 

L-PPAT are greater than that calculated by M-PPAT, they are not balanced arches and 

cannot fully bear the upper stratum pressure like a real NBA. This means that the 

height of the NBA is limited by the arch foot stability criterion in soil formations.  

However, an arch that is too low cannot ensure the stability of the arch foot. In 

moderately weathered limestone formations, as listed in table 6, PPAT and L-PPAT 

have a lower arch height than M-PPAT, but their arch foot is unstable. For rock 

formations, the PPAT may underestimate the arch height, even if the lateral pressure is 
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considered. The revisited arch can give a reasonable arch shape that meets the arch foot 

stability requirements. 

Some scholars and codes aforementioned [1-3,34,35] use empirical formulae to 

calculate the arch height based on the classification of the surrounding rock. The arch 

height calculated by these formulae is often greater than the theoretical calculation 

result. Taking the strongly weathered mudstone formation in table 5 as an example, 

according to China’s surrounding rock grading standards [48], the surrounding rock 

grading to which it belongs is generally Grade V. The arch height is given [1-3] by 

�� = 0.45 × 2/���                                       (21) 

where � is the surrounding rock grade, � is the cave span influence coefficient, and 

�� is the height of the arch. Substituting � = 5 and � = 1.1 into Equation (21), we can 

obtain ��= 7.04 m, which is much greater than those of PPAT, L-PPAT, and M-PPAT. 

Although the higher arch height seems to have a larger safety factor, the theoretical 

basis of the calculation result is unreliable. In particular, when the failure mode of the 

cave is squeezing large deformation, a stable natural equilibrium arch cannot be formed, 

and the surrounding rock pressure should be calculated using the convergence-

constraint theory [49]. 

Table 6. Calculation results. 

strata type 

PPAT L-PPAT M-PPAT 

b� 
(m) 

Arch foot 
stability 

b� 
(m) 

Arch foot 
stability 

b� 
(m) 

Arch 
foot 
stability 

silty clay 14.4 unstable 6.8 unstable 4.1 stable 

clay 7.2 unstable 5.3 unstable 4.2 stable 

dry compacted sand 8.5 unstable 5.4 unstable 3.6 stable 

strongly weathered mudstone 2.9 stable 2.6 stable 2.5 stable 

moderately weathered 
sandstone 

1.4 stable 1.4 stable 2.4 
stable 

moderately weathered 
limestone 

1.4 unstable 1.4 unstable 3.3 
stable 

5.2. Maximum Arching Depth 

The maximum arching depth can be given by Equations (15) and (16). Taking silty clay 

as an example, the maximum arching depths considering different 
  values and 

uniaxial compressive strengths in the silty clay formation are plotted in figure 8. The 

greater the  
  value, the lower the maximum arching depth, and the weaker the 

surrounding rock, the lower the maximum arching depth. Once the maximum arching 

depth limit is exceeded, this type of soil cannot form a stable NBA. In addition, water 

has an important influence on the soil strength; therefore, the arching judgment of the 

water-rich stratum should be more conservative. 

The same regular pattern also exists in rock formations. Taking mudstone as an 

example, the maximum arching depths considering different 
  and uniaxial 

compressive strengths in the mudstone formation are plotted in figure 9. The arching 

ability is limited by the buried depth in soft rock formations with large buried depth 

and high lateral pressure coefficient. This means that the applicable range of the 

surrounding earth pressure calculation method based on the PPAT should be strictly 

limited, particularly for V-level surrounding rock formations according to the BQ 

ranking theory used in China [48]. 

Y. Zhu et al. / Revisiting Protodyakonov’s Pressure Arch Theory270



5.3. Applicability of M-PPAT 

M-PPAT does not consider the cohesion effect of soil like PPAT. But in fact, soil 

cohesion is conducive to form a stable arch. Therefore, the M-PPAT proposed in this 

paper should not be used to calculate the arch height in cohesive formation, but the 

arching criterion of a stable NBA should satisfy is still applicable in such formation. 

  

Figure 8. Maximum arching depths in silty clay 

formation. 

Figure 9. Maximum arching depths in mudstone 

formation. 

6. Conclusions 

This study mainly improved the PPAT and established a stability criterion for the NBA. 

The following conclusions can be drawn: 

(1) A stable NBA not only requires an axial pressure in the arch without bending 

moments or shear stress, but also requires the arch materials to meet the strength 

criterion and the arch foot to be in a stable state. Considering the lateral stress and arch 

foot stability, an improved arch axis equation M-PPAT was established. Expressions 

for the arch strength criterion and arch foot stability criterion were provided.  

(2) The results of trapdoor test and PFC2D simulation showed that the difference 

between the arch height calculated by M-PPAT and the trapdoor test result is only 

3.3%，which is much better than the height given by PPAT. The particle flow 

simulation results for the trapdoor test by PFC2D show that the particle material can 

form a stable NBA, and the shape of the arch is very close to the test results.  

(3) The arch foot stability criterion was used to test the stability of the arches 

formed in the soil using the arch axis equation, which does not consider the arch foot 

stability, and it was found that these arches are unstable except for M-PPAT. The arch 

foot stability criterion limits the arch height of stable NBA in soil formations. However, 

in some rock formations, the arch height obtained using the revisited arch axis equation 

was higher, indicating that the arch foot stability criterion can avoid excessively low 

arch height in such types of rock formations.  

(4) The maximum buried depth for stable NBA formation was found to be limited 

by the arch strength criterion. The greater the strength, the deeper the maximum 

arching depth. A stable NBA cannot be formed for buried depths exceeded the limit. 

Since M-PPAT does not consider cohesion, this theory should be used with caution in 

cohesive soil formations. 

Notably, a stable NBA cannot be formed for certain depths based on the arch 

strength criterion, but it should not be assumed that the arching effect does not exist. 

On the other hand, the arch effect is also limited by the shallowest buried depth [50]. 
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When using the criterion proposed in this article, the shallowest buried depth limit 

should be considered. 
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