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Abstract. This paper focuses on modeling forward and inverse kinematics of a 12-
DOF bipedal robot and parametrizing its body trajectory to generate different gaits
on 3D terrain.The 12-DOF kinematic chain represents the lower body part of the
humanoid robot. The Cartesian coordinate is assigned to each link of the biped robot
using the Denavit-Hartenberg (DH) convention. One step of the bipedal walk is
divided into three walk phases depending on whether one foot or both feet are in
contact with the ground.Time parameterized cubic splines construct the biped
robot’s mid-hip and swinging foot trajectory.The inverse kinematic determines the
values of the joint angles corresponding to hip and swinging foot frame trajectory
using the geometric relation between foot ankle point, knee position,and hip position.
The complete one-step gait of the biped robot is represented in the form of a stick
diagram.The proposed method is a geometrical approach to parameterize the gait of
a biped robot for one step of the walk in terms of hip and swinging foot trajectory
optimization is required to determine energy optimal balanced gait, which we
envisage as our future task.
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1. Introduction

In recent decades research on mobile robots has gained attention. Mobile robots can be
classified based on whether they use legs, wheels, or tracks to navigate from one place
to another. The Biped robot movement has attracted much interest in recent years. Biped
robot has the potential for human-like movement, especially when navigating uneven
ground, steep stairs, and congested areas.A biped robot is the humanoid robot’s lower
body part ( two legs and a hip).Biped robots having different DOF, such as 4-DOF,8-
DOF, and 12-DOF, have been studied.This paper presents systematic kinematic
modeling of a 12-DOF of a biped robot by parametrizing its body trajectories. This paper
explains the kinematic complexity of the biped robot by a detailed discussion of forward
and inverse kinematics and determining the inverse kinematic solution of the joint angles
using the geometrical method. The relation between a biped robot’s left and right gait
has been discussed in [1] ; authors have explained a method of generating an efficient
and faster optimal gait on uneven terrain for a 14-DOF biped robot using the dynamic
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similarity principle of gaits.Vukobratovic et al.[2], [3] proposed the concept of zero
moment point (ZMP), a stability criterion that ensures balancing during walking. They
defined ZMP as the location on the ground where the moment of all gravitational and
inertial forces acting on the robot is zero around two axes situated on the ground’s plane.

They suggested that keeping this point within a supporting polygon during motion
is a sufficient criterion for stability. C. Hernandez-Santos et al.[4] proposed a new biped
robot structure with seven DOF of each leg with 1- DOF related to the toe joint and also
presented the approximate equations for kinematics by using the sagittal and frontal
planes to divide the walking gait. They have used SimMechanics of MATLAB toolbox
and Solid Works for simulation and numerical examples to prove the analytical
results. The Principle of Lagrangian dynamics concepts is used to control the desired
trajectories and determine the torque the joints need, which applies a PD control law with
gravity compensation. Huang et al.[5] suggested a method for synthesizing gaits without
previously defining the ideal ZMP trajectory. This technique uses cubic spline
interpolation to plan the foot and hip trajectory in cartesian space.The iterative
calculation was used to generate the two parameters that were used to design the smooth
hip motion to maximize the stability margin. The representation of the biped stride
typically leads to descriptions of the kinematics, dynamics, and stability of two-legged
walking robots.This problem remains unsolved because most methods minimize the
dynamic model of the humanoid robot to an inverted pendulum based on either a
straightforward observation or a mathematical analysis derived from kinematics [6].
Chevallereau and Aoustin [7] achieved optimal cyclic stride for a bipedal robot.They
assumed the joint variables were polynomial functions and subsequently found their
coefficients to maximize walking speed. Dip et al.[8] enhanced the bipedal stride by
considering balanced margin and speed.They used a genetic algorithm (GA) to enhance
the stability margin by optimizing the critical walking trajectory and step length
parameters for a given step period. Tlalolini et al. [9] attempted to create a path that
would reduce a biped’s energy expenditure while allowing for the necessary speed. They
then attempted to speed up their walking using a search approach that gradually raised
the intended pace. The purpose of studying this paper,which produces a workable
combination of stepping frequency and length of an assumed biped,is to understand the
impact of changes in two fundamental walking parameters,stepping frequency and length,
on maximum speed and used energy. A new approach for creating the best gait possible
using GA was suggested by Capi et al. [10], and ZMP requirements were considered an
objective function restriction. The ability of bipeds to move instantly improved during
their evolution. The forward model is traditionally constructed using a set of geometric
transformations; however, it can also be created using a simplified method such as the
Denavit - Hartenberg Method [11]. Kumagai et al. created a biped robot with seven
degrees of freedom in each leg and a passive toe joint [12]. Neha and shuhaib [13], [14]
has done the kinematic analysis and also planned the motion of the fingers such that ,The
general solution of joint velocity was interpreted using the generalised inverse of the
jacobian matrix; however, this work is accomplished using the pseudo-inverse of the
jacobian matrix. E.Neha et al. [15] proposed the redundancy resolution schema that was
applied to four finger tendon actuated robotic hand and observed that schema can solve
redundancies of any robotic hand. Our proposed method provides a generalized
framework for generating different gaits by varying the body trajectory parameters. This
can be used to synthesis and kinematic analysis of biped robot gait on different types of
terrain
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This paper is organized as follows. The second section represents the model of a 12-
DOF bipedal robot and also discusses DH-parameter.Section 3 explains the method to
determine the Forward Kinematic of the biped Robot using the Denavit-Hartenberg
convention.The inverse kinematic present in the sagittal planes is discussed in section
4.In Section 5,gait generation by parametrization of body trajectories of biped robots has
been described.The results and discussion is presented in section 6.The last Section-7
represents several important conclusion and future work.

2. Model of the 12-DOF Biped Robot

This paper discusses the kinematics, dynamics, and body trajectory parametrization of a
12-DOF (12 revolute joint ) Biped robot. It consists of two 6- DOF legs;each has a 2

DOF ankle, a 1-DOF knee, and a 3-DOF hip, as shown in Fig. 1.In recent years many
biped robot models have been studied {X;, y;, Z;} denotes the coordinate system attached
to ith link and 6; represent the angle between x;_; and x; about z;_;, for i =
0,...,12.The Denavit -Hartenberg (DH) [11] convention is used to assign coordinate
system (X;,y;, Z;i) to each link of the biped robot.

05 = £(x5,%6) S.No. Frames 6; d; a; a;
","6 T 87 = £(x6,X7) —
4x, ; 1 0-1 6, 0 3 0
E 2 1-2 0, 0 0 l
3 2-3 63 0 0 l
4 3-4 0, 0 g 0
5 4-5 05 0 g 0
6 5-6 O, 0 0 ly
7 6-7 6, 0 g 0
8 7-8 Og 0 g 0
9 8-9 O, 0 0 l
10 9-10 610 0 0 l
11 10-11 011 0 g 0
12 11-12 0., 0 : 0
Figure 1: Model of a 12-DOF biped robot Table 1 : DH-parameter Table

The Table 1 show the DH-parameters where, 6; is the angle measured about the z;_,
axis between the x;_; and X; axis, d; is the distance measured along the z;_; axis from
the origin of (i — 1)th coordinate system to the point of intersection of x; axis with z;_,
axis, a; is the angle measured about the x;_; axis between the z;_; and z; axis and q; is
the distance measured along the X;_; axis from the intersection point of X; with z;_; to
the origin of ith coordinate system.

3. Forward Kinematic of a 12-DOF Biped Robot

Forward kinematics [16] is used to determine the location and orientation of the end-
effector from the configurations of the robot’s joint angle.The structures of a humanoid
robot’s left leg are identical to the mirror image of the right leg;this paper uses the same
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coordinate frames for both legs for easy analysis.The forward Kinematic determines the
position and orientation of the biped robot’s swinging foot in the base reference
frame.Table 1 Shows the coordinate system attached to the right and left leg links.DH-
parameters a; and d; of both legs are fixed,and only parameters the 6; change.The
ransformation matrix of 12-DOF of a biped robot of each frame.The link transformation

matrix of a 12-DOF biped robot is as follows:

[cosf; 0 sinf; 0 cos6, —sinb, 0 lIcos6,
TO — sin6; 0 —cosf; 0 T = siné, cosf, 0 Isind,
! 0 0 0 1’27 o 0 10 '
0 0 0 1 0 0 01
[cos6, —sinf; 0 lcosO; cos6, 0 sind, 0
2 _ |sinf; cos6; 0 Isinb, 3 _ |sinf, 0 —cosb, 0
3=1o 0 10 Ti=1o 10 of @
LO 0 01 0 00 1
[cosOs 0 sinfs 0] [cosOg —sinfg 0 lycosbq
T4 = sinfs 0 —cosbs 0 TS = sinfg cosbg 0 [,sinfg
> o 10 of""¢ o 0 10
LO 0 0 1] L0 0 0 1
[cosO, 0 sin6, 0] [cosOg 0 sinfg 0
TS — sin@, 0 —cos6, 0 T7 = sinfg 0 —cosbg 0
77 lo 10 of"® o 10 o
LO 0 0 1 0 0 0 1
[cosOq —sinfy 0 lcosb, c0s6,, —sinb;, 0 lIcosBy
g _ |sinf, c0s0y 0 Isinfy 9 sinfq, cos6,, 0 Isinf;q
Ts=1o 0 10 T = 0 10 @
L0 0 0 1 0 0 0 1
cos6y, 0 sinb;; 0 c0s6;, 0 sinf,, 0
T10 — sinf,, 0 —cosbyy 0 T11 sinf;, 0 —cosb,, 0
"o 10 of”"** " |o 10 0
0 0 0 1 0 0 0 1

4. Inverse Kinematic of a 12-Dof Biped Robot Using the Geometric Method

This section describes the geometric method for solving inverse Kinematic problems. In
an inverse kinematic, the joint variable (angles) in terms of hip and foot position and
orientation is determined in the base frames of the support foot.In reference,[17],The
derivation of closed-form equations for the inverse kinematics chains is found to be more
difficult than for the forward kinematics in the literature. In Figure 2(a), point H
represents the coordinate of the right hip in base frame {0} as (hy, h,, h;) and [ is the
length of the shin and the length of the thigh of both legs. Using the property of triangle
OHK and law of cosine, joint angle (6, and 65) are determined as:

X KH = (OH - 0K)

"ok €)
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(a) (b)

Figure 2: (a) Inverse Kinematic of support leg, and (b) Inverse Kinematic of swinging leg
The cross product of OH vector and z, vector then the third resultant vector will comes
out the perpendicular to the plane of the shin and thigh.
OH x z, €2
n,=———
|OH X z,|

where vector OH is formed by joining the support foot ankle point O with the origin of
frame {5}, H as shown in Figure 2(a). The vector n,, is normal to plane formed by points
0,K,and H.

01 =1/2 — £(Ny, Xo) %)
6, = acos(xy - x3) @
__ KH ™)

KH 05 = —acos(x, - KH)

After finding the 6;, 8, and 65 , the homogeneous transformation matrix T3 is computed
as:

Tg = (T9)7'Tg ®
65 = acos(~T(3,3)) ®)
. (T2(2,3)> (10)
0, = asin| ———
sinfg
. <—T2(3,z)) an
O = asin| ————
sinfs

The inverse kinematics of the swinging leg is explained geometrically in Figure 2(b).
The coordinate of the swinging foot is obtained by finding the intersection of two circles;
the first circle has the center at the origin of reference frame-{6} shown as point H; with
radius . Second circle has center at the origin of reference frame-{12} (point F;) and
radius [.The intersection point of circles is the knee of the swinging leg denoted by K.
After obtaining the coordinate of swinging leg knee, the homogeneous transformation
matrix T§ is obtained as:

TS = (T9)™'T3 (12)

) <T8(2,3)> (13)
6, = asin

sinfg
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0g = acos(—T5(3,3)) (14)
<T3(3,1)> (15)

6y = acos | ———

sinfg
|HsF| ) (IH&I)
= acos , = acos

b <2|HSKS| v 20K, (16)

b0 =¢1 + ¢

Where Hg,K;, and F; denotes the origin of reference frames-{6}, {9}, and {12}
respectively. The homogeneous transformation matrix Ty is computed by multiplying
inverse of TY,, with T?,.

T%g = (Tgo)_ngz (17)
611 = acos(—T13(3,3)) (18)
01, = asin(T39(1,2)) (19)

5. Gait Generation of the Biped Robot by Varying Parameterized Body
Trajectories Variables

One-step walk of the biped robot is divided into three distinct phases:The first double
support phase (dsp1) lies between initial time ¢, and double support-1 time t4,,,.The
single support phase (ssp) lies between double support-1 time t4,;and double support-
2 (dsp2) time tgsp,. Mid-duration of gait is specified by time t,,.The second double
support phase lies between start of dsp2 time ¢45p,, and end of dsp2 time t;.

5.1. Cubic spline based hip trajectory

Reference frame {6} represents the hip of the biped robot. Hip trajectory means variation
in position and orientation of hip (reference frame-{6}) during the gait. The Xpip,Vnip,
Zp;p and B, coordinates of the hip are constructed by a cubic polynomial that satisfies
the following conditions:

tinot nip = [for taspr  Emy taspar  Ef] 20
anot hip = [xhip(to)r xhip(tdspl)l xhip(tm)l xhip(tdspz)l xhip(tf)] (21)
yknat hip = [yhip (to)r yhip(tdspl)v yhip(tm)v yhip(tdspz)v yhip(tf)] (22)
Zinot nip = [Zrip(€0)s  Znip(tasp1)s  Znip(tm)s  Znip(tasp2)s  Znip (Er)] 23)

The rotation of the hip about y, axis is defined by angle 6}, (t). The variation of
hip angle during the walk is defined by cubic splines satisfying the following condition:
Oxnot nip = [Onip(to)s  Onip(tasp1)s  Onip(tm)s  Onip(taspz)s  Onip ()] 24)
Using the hip coordinate and hip-angle trajectories, the homogeneous transformation
matrix T§(t) is defined at each instant during gait.
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Figure 3: Biped Robot Stick Diagram: (a) Side View, (b) 3D -View
5.2. Cubic spline based foot trajectory

Reference frame {12} represents the swinging foot of the biped robot. Foot trajectory
means variation in position and orientation of the foot during the gait.The
Xfoot-YfootsZfoot are coordinates of the swinging foot ankle point constructed by a cubic
polynomial that satisfies the following constraints:

tinot foor = [for Tasprr tmr Taspzr Y] (25)
Xinot foot = [Xroot (t0)s  Xfoot (tasp1)s  Xoot(tm)s  Xfoot (tasp2)s  Xroor (tr)] (26)
Yinot foot = [Vfoot(t0) Yoot (taspr)s  Yroor(tm)s  Yroor(taspz)s  Yroor (tr)] 27)
Zinot foot = [Zroot(to)s  Zroot(tasp1)s  Zroot(tm)s  Zroor(taspa)s  Zfoor (tr)] (28)

The rotation matrix of frame-{12} is defined by three Euler angles
Or00t (£), Droot (t), Yoot (t) . Cubic splines define the variation of the Euler’s angle
during the walk.Using the foot angle coordinates and Euler’s-angles, the homogeneous
transformation matrix TS, (¢t) is formed at each instant during gait.

6. Results and Discussion

A biped robot’s initial and final configuration defines a one-step gait on uneven terrain.
Therefore the position and orientation of reference frame {6}, T2(t,) and reference frame
{12}, TY,(t,) fixes the initial and final configuration of one step gait. By putting different
values in Xy foot’Yknotfoot »Zknot foot and Xynot hipayknot hip »Zinot hip > BOxnot hip
and orientation of swinging foot diverse bipedal gaits can be generated. An example of
bipedal gait for walking on flat ground with specified step length in form of stick diagram
is shown in Figure 3.The joints angle variation and hip and foot trajectories are shown in
figures 4, respectively.The initial and final position and orientation of hip (reference
frame-{6}) and foot (reference frame-{12}) for generating this type of gait is:
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Configuration of hip at initial time Configuration of hip at endtime
10 0 8 10 0 8
0 _10 0 1 70 0 _10 0 1 70
Tt =1y _1 o —4f Tt =1o 1 0 4
00 01 00 01 (29
Configuration of swinging foot at initial time Configuration of swinging time at the endtime
1 0 0 8 1 0 0 8
0 _]0 0 -1 0 0 _]0 0 -1 0
T(t)=1g 1 o —15| - T =1 1 o 15
0 0 0 1 0 0 0 1

Different bipedal gaits such as walking on flat, inclined, or uneven ground with varying
step lengths, step height, and lateral displacement of swinging foot can be generated by
changing the homogeneous transformation matrices TQ(to), T¢ (tf), T2 (to), and
T (tf). In this work, we have only studied the geometry (kinematics) of a 12-DOF biped
robot gait. In future work, we plan to generate the optimal gait of the biped robot. For
this,we have to use the dynamics, balancing criteria and optimization technique to
generate a feasible optimal gait for the biped robot.
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Figure 4: Biped robot joints angle variation & hip and foot coordinate variation: (a) 8, (t) to 84(t), (b) 8,(t)

to B4,(t), for t € [to, tf], (¢) x,y,z-coordinates of hip (reference frame-6) , (d) X,y,z-coordinates of foot
(reference frame-12).

7. Conclusion

In this paper, we have presented the body trajectory parametrization for generating
different types of bipedal gaits. First, we have described forward kinematics, followed
by a detailed discussion on inverse kinematics of a 12-DOF biped robot using a
geometric method. Then we showed how body trajectory parametrization gives an initial
and final homogeneous transformation matrix of hip and foot that can be used to define
different types of gaits on uneven terrain. Using the stick diagram, we have demonstrated
an example showing the geometry of a bipedal walk on flat ground. In the future, we
envision extending this study by including the dynamics of biped robots to obtain an
optimally balanced gait by searching for the optimal value of biped robot body trajectory
parameters.
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