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Abstract. In this paper, we mainly discuss the Lotka-Volterra competition model
with Robin boundary and free boundary conditions, and discuss the long time
asymptotic behaviour of solutions in the weak-strong competition case. When

g, <o the inferior competitor p can not spread successfully as # —oo. While
for the superior competitor ¢ , there are two cases: One is when g, <R, ¢ will
die out eventually; the other is when g, >R, ¢ can spread successfully.

However, when g, = ,both p and ¢ have upper and lower bounds.
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1. Introduction

Reaction diffusion equation is a kind of typical semi-linear parabolic partial differential
equation, it can be derived from the process of the spread of invasive species, free
boundary area is refers to the partial differential equation is unknown, need settlement
is given, together with free boundary reaction-diffusion equation of research is one of
the important direction of reaction diffusion equation of the research.

At present, Mathematicians have extensively studied competitive models with free
boundary conditions. For example, Wang and Zhao [1,2] considered the one-
dimensional reaction-diffusion competition model with Dirichlet and Neumann
boundary conditions, proved that the alternative nature of invasive species expansion
and disappearance was valid under strong-weak and weak-strong conditions, and gave
an estimate of the asymptotic expansion rate of the free boundary during species
expansion. Guo and Wu [3] studied the strong-weak case with Neumann boundary
conditions, and proved that there is a critical value when two species expand, which
makes the dominant competitive species always successfully expand when their
territory size is higher than this value. Du and Lin [4] proposed a high-dimensional
spatial reaction-diffusion competition model with Neumann boundary conditions to
describe the spread of invasive species, discussed the strong-weak and weak-strong
scenarios, and gave a rough estimate of the expansion rate when expansion occurred.
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The above studies are all aimed at Dirichlet and Neumann boundary conditions,
while there are few researches on Robin boundary conditions, because the competition
model with Robin boundary is more consistent with the species transmission process in
some actual situations, which has theoretical and practical significance [5-7].
Therefore, we mainly research the following Lotka-Volterra model with Robin and free
boundary:

D =P tp(-p—kq), t>0,0<x<g(),
q,=Dq, +yql—q-hp), t>0,0<x<g(),

p(t,0)=bp,(1,0),4(1,0)=bg (1,0), >0, (1)
p=q=0, gO=-ulp,+pq,), >0,
g(o):gos OSXSgU

The initial function p,(x), ¢, (x) meets

Po>49, ECZ([O:go])apo =bp(;a% =bq(;:po’% >0 in (0,g,) ()

2. Existence and Uniqueness of Solution

Theorem 2.1 (p(z,x),q(¢,x),g(¢)) is a unique global solution of the problem (1) and
for a¢€(0,1) ,T >0 ,wehave

l+a

—.l+a — 1+g
(1,¢,2)€lC* " (D)F xC ([0,T])
and define
D, ={(t.x)e R*:1[0,T],x €[0,g(1)]},
additionally, we have a Y > 0, then
0< p(t,x),qt,x)<Y, 0<g'(t)<Y for 0<t<oo, }im g'(®)=0.
Theorem 2.2 Suppose that d,n >0 and I'(x) satisfies [8, Theorem 2.1]. Suppose that

@ £ 0 is a nonnegative and bounded, continuous function. Set the following parabolic
problem has solution and is unique

q,—dq . =q(I'(x)-np), t>0,0<x<o0,
q(t,0) = bq (1,0), t>0,
q(0,x) = D(x), 0<x<om,
Then
}gg q(t,x)=q uniformly in [0,M) VM >0 . 3)

Proposition 2.1 Suppose that d,n >0 and I'(x) satisfies [8, Theorem 2.1]. Hence,
. 5 1 — .
there exists K > —||F||w and any (>>1,let v, (x) >0 be the only solution , then
n

{—dCI" = q(I'(x) —np), 1>0,0<x<?,

4(0) = bg'(0),q(0) =K
Then we can get
limg, (x) = g(x) consistently in [0,M) VM >0.
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Proposition 2.2 Suppose that d,n >0 and I'(x) satisfies [8, Theorem 2.1]. Let
0<®<1 and v;(x)>0 be the unique solution of
—dq" = q(I'(x) £ o — ng), t>0,0<x<oo,
{CJ(O) =bq'(0).
Then
limg; (x) = §(x) consistently in [0, M) VM >0

3. The Long Time Asymptotic Behaviour of the Solution

According to Theorem 2.1 and Proposition 4.1 of [8], we get this theorem.
Theorem 3.1 The problem (1) has aunique solution (p,q,g) . Wheng_ <o ,then

}gg MAX < <) p(t’ x) =0. (4)

This shows that if the inferior competitor can not spread successfully, it will vanish
eventually.
Let y>0 and A,(d,1) be the first eigenvalue of the following problem

Ve
D
——p"—p= A9, 0<x<d,
Y (5)
@(0) =bg'(0).
Then 4 (d,1))z-r for all ¢>0 , 4 (d,1)=-1 is strict decreasing in d, y .
Moreover, for the fixed d , there exists a unique R* >0 so that /”LD (R;1)=0 .

4

Theorem 3.2 We assume that g <o ,let O (x) be the only solution , then

{—DQ” -700-0), O<x<g,, o
0(0)=50'(0),0(g,,)=0.
then
When g, <K', lim max q(.x) =0 ™
When g, >R, lim max) | q(t,x)—Q,(x)|=0. (8)

t—o 0<x<g(t
Proof: According to Theorem 3.1, we construct the following function and where Z_ is
the only solution,

7, -DI_=yZ(+hr-7), t>T0<x<g,,
Z2(t,0)=bZ (1,0), Z(t,g,)=0, t>T,
Z(T,x) = p.(x), O<x<g,.
There are0 <7 <1, T >0 such that # <7 in D;.’:{(t,x):tZT,OSng(t)} . And
q(T,x), 0<x<g(7),
0, g(T)<x<g,.

So by the comparison principle we have ¢ <Z_ in Dj .

?.(x) :{
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Case 1: For the one hand, when g, <R". Then we have 1,(g,,1)>0 . For
Ve

any given 7 >0 such that4 (g,,1+5h7)>0 . Then the problem

{—DQ,"=7Q,(1+hT—QT), 0<x<g,, ©)

0,(0)=b0/(0), 0.(g.)=0

has no non-trivial and non-negative solution, which implies limZ (f,x)=0
>0

consistently in [0, g ] . Therefore
limsupg(z,x) <0 consistently in [0,M) VM >0. (10)

>

Since g =0, Therefore, we get
limg(#,x) =0 consistently in [0,M) VM >0. an
Next, when g, =R, we can get A (8,,1+ht)<0. Let Q,(x) be a unique

solution of problem (9). Recallg<Z, in Df , 1 (g,,1)=0, it is easy to see that
Q. (x) is the continuous function at 7, one has l,l_r,r(} O.(x) consistently on [0,g.]. As
aresult, (10) and (11) are still true.
Finally, we assume that (7) is false, there exist § >0 and {(#,x,)},, with
0<x, <g(t) and ¢, - o , such that
q(t,x)226, i=12,... (12)
When 0<x, <g, , there exist a subsequence of {x,},-, andx, €[0,g,] , such
thatx, - x, . According to (11) and (12) there x, = g, ,x, —g(#,) > 0 . By theorem 3.1
and choose ¢ >0 is so small that Y <o . We can deduce that x, > g, —¢ for all ;.
Furthermore, by Theorem 2.1 and (12), we conclude
lq(t,x)=q(t. 8, =) IH 4. (4, %) [ (x; -8, +¢) < YL,
9,8, =) 2 q(t,x)-1q(, 8., - ) —q(t;,x,) |2 q(t;, x,) =Y 2 5,
where X, (g, —¢,x,) . It follows from (11) that }iqu(t[,gw—g):o . We get a
contradiction. So (7) hold.
Case 2: For the other hand, when g, >R, we have A, (g,,1) <0, then

r

A, (g,,1+hr) <0 forallz >0.We also have

r

limsup g(¢,x) < Q,(x) consistently on [0,M) VM >0. (13)

Now we choose 7 >0 is small such that g, —7 > R and g, —71> g, - Therefore,
there exists 7 >0 such that g(t)>g, —n for all t>T . We also can get
Ap(g. —n,1-h6) <A (g,-m1D) <4, (R",1)=0. Moreover, let 0, >0 is the unique

y
solution of

4
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-DQ"=y(1-ht-Q), 0<x<g, -7,
{Q(O) =b0'0), 0O(g,-n)=0.
Then }gg Z,(t,x)=0,(x) and lir[rl iwnf q(t,x) 2 0, (x) consistently in [0,g, —7], it is
similar to Case 1 that we have (8) is true.
Theorem 3.3 Supposed that g(w)=ow . if 0<h<1<k , then the solution
(p(t,x),q(t,x)) of (1) meets
}1_{2 inf p(t,x) > B(x) }1_1)2 sup p(t,x) < p(x)
}Eg inf g(z,x) 2 g(x) }Eg supq(t,x) < q(x)
consistently in [0, M) VM >0.
Proof: Step 1: Set z(¢,x) be the only solution of
z,—Dz_=yz(1-z), t>0,0<x<oo,
z(t,0) = bz _(t,0), t>0,
2(0,x) = @' (x).
Where we set
v Ja(x) 0<sx<g,
4 (x)_{O, x=g,.
On the principle of comparison, we get ¢(¢,x) < z(¢,x) , where ¢ is a positive constant
and 0 < x < g(f) . Replace O, (x) with J(x) in (6), then }1_{2 z(¢,x) =¢q(x) consistently
on [0,M) VM >0, As g(«) =, we have
}1_{1; supq(t,x) < g(x) consistently in [0,M) VM >0.
It is similar to step 1 that we can prove }gg sup p(t,x) < p(x) .

Step 2: As 0<h <1<k, we can choose ¢ >0 such that A(1+&)<1. For any
given />>1, exist T > 0, then we can get g(7) > (, p(t,x)<p+¢e, VO<x<(,t>T.
Moreover, when £ >>1, set ¢,(x) be a only solution of the following problem

-Dq" =yq[l-g-h(l+¢)], 0<x</{,
{ﬂ®=b¢@L q()=0
Because of ¢ (7,0)>0 and ¢(z,0) >0, it is a positive constant o <1 such that for all
0<x</,Since p(x)<1,itis clear that oq,(x) is the lower solution of the problem
-Dq" =yq[l-q—h(p+¢)], O<x<d,
{Q(O) =bq'(0), q(0)=0
Then ¢'(t,x) be the only solution of
q,—Dq, =yqll-qg-h(p+¢)], 0<x</{,
q(t,0)=qv,(2,0),  q(t,0)=0
q(T,x)=0q,(x), 0<x</.

(14)
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Then we have g(t,x) > ¢'(t,x), 0<x</(,t>T ,and ¢'(x) increases as ¢ increase.
Similarly to above, we get limit }Lrg q'(t,x):= q,(x) . Moreover, there holds uniformly
on [0, /], Consequently,
lilg imnf q(7,x) 2 q,(x) consistently in [0,(]. (15)
When /- and ¢ — 0, and due to Propositions 2.1 and 2.2. We have
113010 q,(x) =g(x) consistently in [0,M) VM >0.
Therefore, we have ylirtll iwnf q(t,x) 2 q(1,x) consistently in [0, M) VM >0.

kh(1+,)
k

Step 3: Since 0 <h <1<k, choose g, >0 such that <1. The rest of

proof is similar to Step 2, then we can prove liminf p(¢,x) > p(¢,x) consistently in
1> -

[0, M) VM >0.

4. Spreading and Vanishing of Criteria

Theorem 4.1 If O0<h<1<k,g <o, then g <R for the problem of (1). then
g, 2 R impliesg, =o.
The proof can refer to [8, Theorem 5.1], where we omit the details.
Now we discuss the case g, <R, .

Lemma 4.1 Assume that 0 <h <1<k, g, <R,.For the problem of (1), if
1 D 7°D_ s
1> = max {1+—I| q0|\w}—(ﬂ—)(2f xq, (x)dx) ™",
1-h PV 0

then g, =oo.

Proof: In view of [9, lemma3.5], we can get g =
In view of [8], we have i <1, %<1, there exist a unique R, >0, R, >0 such

that 4,(0,1-4,R)=0, 40,1 —%,Rz) =0,1-+h, 1—% is the principle eigenvalue of

D
——¢"= o, 0<x<R, —-0" = Ao, 0<x<R,,
9" =g X<R {¢ @ , 16)

20— b0, o(R)0 0(0)=bp'(0), p(R,)=0.

Lemma 4.2 Suppose that 0 <h <1<k, ifg, <min{R,R,} , then there exist z, >0 ,
such that s, <oo provided < g, .

Proof: This proof method is analogous to [8-10], then we left out details.
Define
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[N
e =R
()= max{Cexp| 711 —%]ds, Cexp|.[1 —%]ds}, 20,
) = (& + po ) f(s)ds), 120,
i X
w(t,x) = f(t)q (%), 120, t>0,0<x<E(@).
Therefore, the pair (w,&£) satisfies
w,—w,_ —w(l-w)>0, t>0,0<x<£(2),
w,—=Dw_ —yw(l-w)>0, t>0,0<x<£&(2),
w(t,0) = bw, (t,0),w(1,£) = 0,&" (1) = —u(1+ p)w (1,E)  1>0,
w(0,x) = C(sina—x+ Pacos a—x), 02x2=¢),

0 0

where £(0)=¢, > g(0) and by comparison principle we have g(¢) < &(¢) . Taking

t — oo, when 0<p <y, ,thens(oo)<}im§(t)<oo .

Theorem 4.2 Suppose that g, <min{R,R,} , there exist 4" > . >0, it is related to

(Py>95- &) »theng, =oo when x>, and g, <o when p< .

This proof is analogous to [8, Theorem 5.2].
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