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Abstract. As the train speed increases, there are two typical dynamic response 
patterns of subgrade, i.e. with or without wave propagation. Once the wave 
propagation occurs, the track displacement begins to increase sharply and the 
environmental vibration becomes more and more significant. The determination of 
the critical speed at where waves are emitted is significant for relative 
investigation and engineering practice. To this end, the dynamic behaviors of a 
track-embankment-ground system in speed-frequency domain were discussed and 
a determination approach of the critical speed was proposed. To confirm the 
prediction ability, verifications were carried out on typical semi-infinite ground 
and track-embankment-pile reinforcement ground system. The results indicate that 
the phase plot performs satisfactory in predicting the critical speed of subgrade 
with arbitrary section. The appearance of phase shift reflects the intrinsic feature of 
energy dissipation with radiation of waves.  
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1. Introduction 

Railway transportation occupies a pivotal position in modern transportation industry. 

The dynamic responses of subgrade subjected to moving train loading are of 

significance for the design, construction and operation of railway lines. As relative 

researches continue to be proposed, the dynamic response characteristics of the 

subgrade are gradually and clearly delineated. 

Critical speed is frequently adopted to represent the critical dynamic state of 

subgrade under moving train loading [1-3], such as the appearance of maximum 

vertical displacement of track (critical speed I hereinafter) and the excitation of waves 

(critical speed II), as shown in figure 1. Madshus and Kaynia [1] have verified the 

existence of critical speed I through field measurement data and pointed out that wave 

excitation is a significant sign for the dynamic behavior of subgrade. Once the wave 

propagation occurs, the dynamic displacement begins to increase sharply and the 

environmental vibration becomes more and more significant. 
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Figure 1. Diagram of the response state of subgrade under moving train loading. 

The critical speed I is fully dominated by the properties of wave propagation in 

subgrade and of the bending wave propagation in the track. It is firstly studied through 

the theoretical solution of the beam structure resting on the half-space gound [4,5]. 

Recently, the finite element method is widely used to obtain the critical speed I of 

subgrade with complex section [6,7]. A significant trend of current work is to fit 

engineering practice as far as possible. Sayeed and Shahin [6] have analyzed the effects 

of soil layer stiffness, axle loading and train type on the critical speed. Hu et al. [8] 

have investigated the critical speed of ballastless track-embankment-soft ground system 

and introduced the effects of embankment on the dynamic stress in subgrade. 

Regarding to the prediction of the critical speed I, Dieterman and Metrikine [4] have 

pointed out that the resonance occurs when the loading speed is equal to the group 

velocity of the waves. Sheng et al. [9] have found that the critical speed I can be 

interpreted in terms of the dispersion characteristics of the track and ground 

combination. Inspired by Sheng et al. [9], Costa et al. [3,10] have proposed an efficient 

prediction approach of critical speed I referring the dispersion relationship of the 

subgrade and track.  

The critical speed II is the bound of the quasi-static and dynamic responses of 

subgrade under moving loading [6]. It is not only significant for the assessment of 

dynamic response but also the modeling strategy of finite element. For example, the 

absorbing boundary might be not necessary when no wave emitted [11]. It is easily to 

determine the critical speed II of half-space ground, i.e. the Rayleigh wave velocity of 

ground [10,12]. However, section of the actual railway line generally cannot ideal half-

space ground. The cutting, the embankment and the ground reinforcement measure are 

very common and necessary to take into account. The traditional dispersion spectra 

method is not able to determine the critical velocity of complex section foundation. To 

data, traversing dynamic responses of subgrade is the only way to confirm the critical 

speed II of subgrade with complex profile. Significant computational effort hinders 

detailed discussion and engineering application.  

The present study goes into propose an efficient prediction approach of critical 

speed II of subgrade with arbitrary section. To this end, the 2.5D finite element method 

was utilized to obtain the dynamic responses of track-embankment-ground system. An 

efficient criterion is selected after referring Dieterman and Metrikine [12]. As further 

discussion, the effects of track irregularity on the wave excitation characteristic of 

subgrade were also addressed.  
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2. Theoretical background 

The dispersion relation illustrated in the frequency-wave number (ω-ξ) domain is an 

appropriate selection to efficiently represent the dynamic characteristic of subgrade 

under variable train speed (v). The dynamic response in speed range from zero to 

infinity (0~∞) can be found in a single map of dispersion relation, with a relationship of 

v=ω/ξ. A fast prediction method of the critical speed I is taking the intersection point of 

the ground and track dispersion curves as reference point, at where the wavelengths of 

the waves that propagate along the track and over the ground match well [3,10].  

For subgrade with complex profile, the dispersion relation can be illustrated by 

solving the site-specific dynamic transfer function  ,H  
�

 as follow [1,13]: 

     , , ,R H P      

� � �                                   (1) 

where  ,R  
�

 is the response function and  ,P  
�

 refers to the train load excitation 

function. The functions P  and P�  represent the transformed load with respect to time 

and space. 

In relative researches, vertical displacement of track is often selected to depict the 

dynamic response characteristic of system. Madshus and Kaynia [1] have suggested the 

critical speed I can be determined referring the coincidence between peaks in  ,H  
�

 

and  ,P  
�

. In the subsequent discussion, the dynamic transfer function of vertical 

displacement of track is also adopted to analyze the dynamic features of system with or 

without wave propagation behavior.  

In the present study, the 2.5D finite element method is utilized to obtain the 

dispersion relation of track. Due to space limitation, all the basic theory is not 

introduced. Reader can find any detail in relative references [14-16]. The accuracy of 

the self-compiled program is validated by a classical solution [17]. The model 

information can be found in Wang et al. [18]. Dynamic responses of a point 1.0 m 

beneath the loading line were obtained. The displacements normalized by multiplying 

2πρcs2/F are shown in figure 2.  

  

(a) (b) 

Figure 2. Displacement of the observation point in half-space foundation under moving point loading. (a) 
in vertical; (b) in horizontal. 
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3. Model Information 

In order to fully illuminate the characteristic of subgrade with complex profile, a track-

embankment-ground system as shown in figure 3 is adopted herein. This profile is 

generalized from the subgrade in loess region of Chine. A classical geologic profile of 

ground is selected. Soil parameters are listed in table 1. 

 

Figure 3. Outline and meshing of model cross section. 

Table 1. Parameters of soil layer. 

Soil layer Number 
Thickness
/m 

Density
/kg·m

-3 

Modulus
/MPa 

Damping 
ratio 

Poisson's 
ratio 

Surface layer of subgrade bed 1-1 0.7 1900 86.5 0.04 0.25 

Bottom layer of subgrade bed 1-2 2.3 1900 96.0 0.04 0.25 

Embankment below subgrade bed 1-3 - 1800 50.0 0.04 0.25 

Treated soil 2 3.0 1800 50.0 0.04 0.3 

Soil layer 1 3-1 7.0 1980 26.3 0.05 0.32 

Soil layer 2 3-2 6.0 1880 17.9 0.05 0.33 

Soil layer 3 3-3 24.0 1990 41.1 0.05 0.32 

There are two generic choices of track structure type, i.e. ballasted and slab track. To 

data, the ballasted track contributes to more than 95% of railway system [19]. In many 

countries, the ballasted track is the main selection in high-speed railway, such as in 

France, Spain and Italy. Therefore, the ballasted track was selected herein. The track 

system was modeled as an Euler beam with a width of 4m and the parameters was 

assumed as bending rigidity EI=13.254MN·m2 and mass per unit length m=540kg/m [16]. 

The viscoelastic dynamically artificial boundary was adopted to simulate the absorbing 

effect of outer domain. The geometrical parameter of CRH3 train with axle weight of 

17t is shown in figure 4.  

 

Figure 4. Relative axle position of the CRH3 train. 
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4. Results 

The objective of the present study is to suggest an efficient approach to determine the 

critical speed II at where the wave propagation emerges. To this end, the vertical 

displacement contour plots around the critical speed II were obtained, as shown in 

figure 5. The Mach cone can be easily recognized from figure 5 with v=65 and 70m/s. 

Moreover, an obvious transition trend could be found, and it is reasonable to 

approximately take 60-65m/s as the critical speed II range of the model delineated in 

figure 3. 

Figure 5. Vertical displacement contours on the surface with different train speeds near the critical speed II. 

With regard to the criterion of response pattern change, it is still expected to be 

proposed by analyzing the dispersion relation. The dispersion relation (vertical 

displacement amplitude of track to unit vertical load, Ntotsios et al. [13] depicted in 

speed-frequency (v-f) domain is shown in figure 6. As can be seen from figure 6, the 

spectrum smoothly transform at lower velocity range (0~60m/s). With the continually 

increase of speed, a peak region emerges and change of spectrum signature becomes 

more and more evident. It is generally accepted that the dynamic displacement feature 

will change with the appearance of wave propagation. The interaction between adjacent 

axle loadings might change the curve shape of dynamic response [1]. Therefore, the 

lower boundary limit of the peak region might be taken as critical speed II at where the 

Mach effect occurs. That is an interpretation from the traditional view of dispersion 

relation. It is reasonable but the lower boundary limit of the peak region is always hard 

to be distinguished.  

Figure 6. The amplitude varation of vertical displacement of track (dispersion relation). 

Dieterman and Metrikine [12] have derived the equivalent stiffness of an elastic 

half-space with a finite width beam rested on. A conclusion has been drawn that the 

wave propagation is emitted once the phase velocity of the waves in the beam exceed 
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the velocity of the Rayleigh waves in the half-space. In the meantime, the imaginary 

part of the equivalent stiffness is no longer equal to zero. That can be explained by the 

energy dissipation in system which is connected only with radiation of elastic waves. 

Inspired in the above study, the phase of vertical displacement response of track to 

unit vertical loading was calculated and illustrated in figure 7, which has rarely been 

addressed in the previous study. An interesting trend can be evidently found that the 

phase remains about 3.14 rad (π) in a lower velocity range (0~62.5m/s), which is the 

range at where no wave propagation exists. The phase equals to π means that the 

response is a negative real number under unit loading. Once the speed exceeds critical 

speed II, about 62.5m/s, the phase begins to change rapidly. The imaginary part of 

response is no longer equal to zero. Actually, the ‘out-of-phase’ phenomenon in track 

displacement is already summarized long time ago, and makes the interaction between 

the adjacent bogie loadings as a significant factor when determining the critical speed I 

[1,6]. Thus, the phase shift can be utilized as efficient criterion of the change from 

quasi-static state to dynamic state.  

 

Figure 7. The phase varation of vertical displacement of track. 

The shaded relief plots of figure 6 and figure 7 are shown in figure 8. A clear 

borderline can be delineated in figure 8 (b). Therefore, a conclusion can be drawn that 

using the phase depicted in speed-frequency (v-f) domain as the criterion of critical 

speed II can not only clearly reflect the nature of energy dissipation, but also have 

higher identification.  

 

(a) (b) 

Figure 8. The amplitude (a) and phase (b) plots of vertical displacement of track. 
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5. Verification 

To further confirm the prediction ability of the phase plot depicted in speed-frequency 

(v-f) domain, a semi-infinity ground and a track-embankment-pile reinforcement 

ground system are adopted. Two typical pile reinforcement measures, i.e. the soil-

cement compacted (SC) pile and the CFG pile, are selected to change the dynamic 

characteristic of subgrade with complex profile. 

5.1. Semi-infinity Ground 

The semi-infinity ground was approximated with a homogeneous soil stratum of 36m 

on the rigid bedrock, no track structure resting on. The density ρ is, shear-wave 

velocity cs, Poisson’s ratio υ and damping ratio η of the soil are 1600 kg/m3, 90 m/s, 0.3 

and 0.04, respectively. The Rayleigh wave velocity is about 83.5 m/s. It is well known 

that the critical speed of semi-infinite ground is equal to or slightly lower than Rayleigh 

wave velocity, when the ground can be assimilated to a homogeneous half-space [10]. 

The phase plot (figure 9) indicates a good agreement between the Rayleigh wave 

velocity line and border of the phase.  

 

Figure 9. The phase plot of vertical displacement of semi-infinite ground. 

5.2. Track-embankment-pile Reinforcement Ground System 

The outline and meshing of pile reinforcement ground are shown in figure 10. A 0.5m 

diameter and 15m length of pile was selected with a center spacing of 2.0m. According 

to the relative reference, the pile-soil contact was simulated by binding constraint and 

the equivalent dynamic modulus method was used to achieve the modulus equivalent, 

see Eq. (2). Parameters of soil layers and structure parts are listed in table 2. All the 

other information is the same as the model depicted in figure 3. 

1
4 4

sp p s

D D
E E E

l l

  
   

 
                                    (2) 
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where l refers to the pile center spacing, D is the diameter of pile, E is the dynamic 

modulus, and subscripts sp, p and s refer to the equivalent pile wall, pile and soil 

among piles, respectively.  

 

Figure 10. Outline and meshing of subgrade with pile reinforcement ground. 

Table 2. Parameters of soil layer. 

Soil layer or 

structure 

Applicable 

model 

Thickness

/m 

Length 

/m 

Density

/kg·m-3
 

Modulus

/MPa 

Damping 

ratio 

Poisson's 

ratio 

Cushion 
SC and 

CFG 
0.8 \ 2000 200 0 0.3 

Soil-cement 

compacted pile 
SC \ 15 2000 100 0 0.23 

Soil among soil-

cement compacted 

piles 

SC 15 

\ 

2000 50.0 0.04 0.25 

CFG pile CFG \ 15 2500 25500 0 0.17 

The phase plots of vertical displacement response of track for the SC model and the 

CFG model are shown in figure 11. Critical speed II can be obtained referring the border of 

the phase plot, about 80 m/s and 108m/s for the SC model and the CFG model, respectively. 

Compared with the vertical displacement contour plots of these two models (figure 12), the 

Mach cone arises after the critical speed II. That is, the phase plot depicted in speed-

frequency (v-f) domain performs satisfactory in predicting the critical speed II, at where the 

wave propagation begins to arise. This approach is suitable for the subgrade with arbitrary 

section, since the phase shift reflects the intrinsic feature of energy dissipation with radiation 

of waves. 

 
(a) (b)

Figure 11. The phase plot of vertical displacement. (a) the SC model, (b) the CFG model. 
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(a) (b) 

Figure 12. Vertical displacement contours on the surface with different train speeds near the critical speed II. 
(a) the SC model, (b) the CFG model. 

6. Conclusions 

The dynamic response of subgrade shows up two typical patterns, i.e. with or without 

wave propagation, as the moving train speed increases. The determination of the 

critical speed II, at where waves are emitted, is of significance for relative investigation 

and engineering practice. To this end, the performance of phase plot of vertical 

displacement depicted in speed-frequency (v-f) domain in predicting the wave 

propagation behavior has been studied. The results indicate that the phase plot performs 

satisfactory in predicting the critical speed II at where the wave propagation begins to 

arise. The appearance of phase shift reflects the intrinsic feature of energy dissipation 

with radiation of waves. 
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