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Abstract. Aiming at the position analysis of Stephenson III spherical six bar
mechanism, a simple method to solve its input-output equation is given. The
Stephenson III spherical six bar mechanism is regarded as composed of basic
spherical four-bar chain and spherical two-bar group. The basic coordinate system
and branch coordinate system are established respectively. The coordinates of each
hinge point are solved with the help of geometric principle and displacement rotation
theory. Based on the motion constraints of the basic spherical four-bar chain and the
coupling constraints with the spherical two-bar group, the constraint equations of
the spherical six bar mechanism are established by using spherical trigonometry.
The constraint equations are simplified and eliminated by Sylvester's resultant
elimination method and triangular transformation formula, and then the constraint
equations of the mechanism are obtained.
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1. Introduction

The research content of mechanism kinematics can be divided into motion analysis and
motion synthesis. Kinematics analysis includes position analysis, velocity analysis and
acceleration analysis. Position analysis is the most basic task of motion analysis [1,2].
Based on the constraint relationship between mechanism components, the establishment
of constraint equations and the forward and inverse solution of mechanism position can
not only lay a solid foundation for the analysis of mechanism speed and acceleration, but
also lay a solid foundation for the solution of mechanism workspace. Then we can more
systematically and deeply study all kinds of existing mechanisms, master the law and
scope of their motion transformation, and lay a good foundation for designing new and
better mechanisms or machines.

The spherical surface has the characteristics of both planar mechanism and spatial
mechanism, it has always been highly concerned by scholars at home and abroad.
Based on spherical trigonometry, On the basis of a new 4-DOF spherical parallel
mechanism proposed by Liu et al.[3], the positive and negative kinematics of the
spherical parallel mechanism was solved, and its good kinematic characteristics were
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verified. Hernandez s et al. [4] comprehensively designed the spherical mechanical wrist
based on the analysis of Stephenson spherical six bar mechanism based on displacement
rotation theory. This paper based on the geometric principle, displacement rotation
theory and spherical trigonometry, the input-output equations of Stephenson-I11I spherical
six bar mechanism are solved by analytical method, The solution process is simple, easy
to understand and program.

2. Establishment of constraint equations of spherical six bar mechanism.

In the analysis and synthesis of spherical mechanism, in order to facilitate description
and calculation, it is necessary to use spherical coordinates to study spherical
mechanism. The position of any point on the sphere can be expressed by coordinate
parameters P(r,a, ) [5].as

P =cos fcosa
P, =cos fsina (N
P =sinp

The wvariation ranges of » , ¢ and B are -o<r<ow , -180°<a <180°
and -90° < B <90° respectively. As shown in Figure 1.

Figure 1. Spherical coordinate representation of spatial points
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Figure 2. Schematic diagram of Stephenson-11I spherical six bar mechanism
Figure 2 is the schematic diagram of Stephenson-III spherical six bar mechanism. In
order to keep the generality of the research, it is assumed that the spherical six bar
mechanism is located on the unit sphere. O is the center of the ball, 4. D. G are the
fixed hinge point, B, C. E. F are the movable hinge point. In the schematic diagram
of Stephenson-III spherical six bar mechanism, 4B is the input lever, CD and FG are
output rods, BCE and EF are the connecting rod, 4D and DG are the rack. The length

of each rod is expressed by its ball center angle ¢, (k =1, 2,---,9) , Enter dihedral angle
ZBAD=6 ,Output dihedral angle 1 is ZCDG=6,, The output dihedral angle 2 is the
complement of ZFGD and is recorded as &, . The spherical six bar mechanism is
regarded as a basic spherical four-bar chain ABCD and spherical two-bar group EFG ,
and the basic coordinate system OXYZ and branch coordinate system OX Y, Z, are
established respectively, In the basic coordinate system OXYZ , the X axis
is perpendicular to the plane composed of O4 and OD ,The Z axis coincides with the
04 axis, and the Y axis is in the plane composed of O4 and OD . In the branch
coordinate system, the X, axis coincides with the X axis of the basic coordinate system,
the Z, axis coincides with the OG axis, and the ¥ axis is determined according to the right-
hand rule [6].

Note that sin(@)=s0, , cos(6)=c6,(i=L2,--6) , sin(e,)=sa, ,
cos(e;) =ca,(i =1,2,---9) in the basic spherical four-bar chain, according to the motion

relationship of spherical members and the condition of constant rod length, the constraint
equation is

0B-0C = ca, )

According to the constraint coupling between spherical four-bar mechanism and
spherical two-bar group, the constraint equation between them can be obtained as
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OC-OF = ca,
{ 3)

OB-OF = ca,coy — sa,sa,co

The constraint equations of Stephenson-III spherical six bar mechanism can be
obtained by combining equation (2) and equation group (3), as follows:

0B-0C = ca,
OC-OE = ca, C))

OB-OFE = cayca, —sa,sa,co

3. Solution of constraint equations of spherical six bar mechanism

In the basic spherical four-bar chain, it is easy to know that the coordinates of fixed hinge
point 4 and point D are (O,O,I)T and [O,Lvocl,cozl ]T respectively. According to the
geometric principle BB, =OBesa, , ZBB,B,=/ZBAD=6, , BB =BB,sb, ,
B,B, = BB, +c6,, At the same time, due to LCC,C, = £LCDA=n-6,,0B=0C =1, we
can know that C,\C, =OC, -C,C, =ca,sa,+sa,cO,ca, , CC, =sa, , CC, =sa,sb, ,
C,C, =C,C, +C,C, =ca,ca,-sa,cl,sa, , To sum up, the coordinates of each hinge
point in the basic spherical four-bar chain are

A =[0,0,11

B = [sat,56,,50,¢6,,cat, | )

C = [sa,s6,,50,ca, + caysa,c,,ca,ca, — s sa,c6,]
D =[0,s5a,,ce,]'
Referring to the literature[7], the fixed-point transformation of the spherical

coordinate system can be obtained by rotating around three (fixed) coordinate axes, and
the coordinate transformation matrices around the X axis and Z axis are

1 0 0 e, —-s6 0
R(X,a,)=|0 ca, -sa,|,R(Z,6)=|s6 6 0
0 sa, ca 0 0 1

(6)

Therefore, the coordinate transformation from the base coordinate system OXYZ to
the branch coordinate system OX,YZ, is the counterclockwise rotation angle (e, +a, )

around the X axis, and its coordinate transformation matrix is
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1 0 0
R(X, (ot ) =[ 0 c(ata,) —s(a+ay)
0 s(atay) c(ata,)

(7

Further, it can be obtained that the coordinate of the fixed hinge point G in the
basic coordinate system OXYZ is

1 0 0 0 0
G=R(X,(o,+2,))G, =| 0 c(ata,) —s(a+a,) | 0|=|-saca, —saca,
0 s(al+ag) c(al+ag) 1 ca,co, —Sa, SO

®)

Therefore, based on the displacement rotation theory [8], it can be seen that the
coordinates of movable hinge points F and E in the basic coordinate system OXYZ can
be expressed as

F=R(Z,0,)R(X,q,)G

E<R )
=R(Z,6,)R(X,a,)F

It can be obtained by calculating in the mathematical software maple. The
coordinates of hinge points £ , F and G in the basic coordinate system OXYZ are

E =[a,c0;50,+a,s0,c0, — a,s0; a,s0,50,-a,c0,c6, + a,cly a,cly-ay |
F =[a,s6, a+cO a,, ]T (10)

T
G =[ 0,-sa,ca, — sa,ca,,ca,ca, — sa,sa, |

In equation (10)

a4, =COCO ST + COGSOLCAL, — SASA ST, + ST COL S,
0, =COLCOLCAS O + COLCOSOLyCAL, — COL SOl SO ST, + COL SOLCALCA,
Ay =S, SOUCALSA, — SA; SO SO COlY — SOLCAS A ST, + SOL,CALCA,CA
A, =COCOL SOl + CASA,CA — STUS TS + S CACQ,
A5 =CO;COLCOL SOl — COLCOLSOLCOl + CO SO SOl SO — COL SO SAL,CAY,

Ag=S O, SOLLCOLSAL, + SO, SOLSOLLCOl + SQU;COL SO ST, (11)

A, =50, SO SOl SOl — SOLCOLCOL STl — SOLCOLSOLCAL, — SOL SOl COLCOY,
Ay =COLSOyCO ST — COL SOl SO COL, — COLCOL SO ST + COLCOLCOLCA,
Ay =COLCOSO + COLSOLSAL, — SOLSOL ST + SOLCOL ST,
Q) =S OSSOl — SQCOLGS AL, — COLSO ST, — COCO SO

), =COLCOLCOL — COSOLSOl — SASOLCAL, — SQCOL ST,

(12)
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By substituting equation (5) and equation (10) into equation (4), the constraint
equations of spherical six bar mechanism can be obtained as

fiey + fosy+ ;=0
818585+ 82C5Cs + 8385C; + 84CsSs + 85Cs + 86Cs + 8755+ 85 =0 (13)
kisss, +hkyeicg +kysseg +kycis, — ke, + ks v ke + kg =0

In equation (13) f(i=12,3),g,.k (i=12,---,8) are constant containing
mechanism structure parameters and input parameters.
Make  tan(6,/2)=x,,tan(6;/2)=x,tan(6,/2)=x, , we can get

s, =2x, /(1+x42) ,Cy =(1—x42)/(1+x42) , 85 = 2x; /(1+x52), C; =(1—x52)/(1+x52) ,
Se = 2%, /(1 + xéz),c6 = (1 —x62)/(1 +x62) . Substituting s,, ¢, , 55,C5,S,,C iNto equation
(13) and simplify it, the input-output equations (14) of spherical six bar mechanism can
be obtained as

a11x42 +a,x, +a;=0

a21x62 +ay,X +a, =0 (14)

amxé2 +a,xs+a; =0
In equation (14)

a,=8;—8g %= xsz(kz +hs =k k) +x(2kg —2k,) + (kg —k, — ks — k)
a12:2g2 sy = _2k4x52 +4k1x5 +2k4
;=885 ay :xsz(ks +k, + kg — k) +x, 2k, +2k) + (k, — ks + &, — k)

(15)
ay =X (f, = fi= [+ )+ X2 f, =2 1)+ (i + fo— = 1)
a,, =—2f4sz-|-4fIJCS+2f4
a33:xsz(fs"'fs_fz_fs)"'xs(zﬂ+2f7)+(fz+f5+f7+fs) (16)

Stephenson-III spherical six bar mechanism has two output angles 6, and 6 . x, can
be obtained from the first equation of equation group (14) as

x4='a12 i\]alzz —4a,a; 17)
2a,,

And since tan (6, /2) = x, ,we can get
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2
-ay, TNa,” —4a,a,,

2a,,

6, =arctan

(18)

The sign in equation (18) corresponds to two circuits (assembly configuration) of
the basic spherical four-bar chain. The second and third equations of equation group
(14) can be solved by Sylvester's resultant elimination method as

2 2
Ay Gy —ay,05,03, 055 — 20,,0,,05,a3,

+ *ta,’ -
a2|a23a32 a22 a3]a33 a22a23a3]a32

2 2 _
taya, =0
(19)
By substituting a,,, a,, , 4,5, 45, , Ay, , 455 into equation (19) and simplifying it, we
can get
dx +d,x +dx +d,x’ +dx +dx] +dox] +dgxg +d, =0 (20)

In equation (19), d,(i=12,---,9) is only a function of x, . therefore, by
substituting the structural parameters of the mechanism into equations (17) and (20), 8
solutions of the positive position solution X; of the mechanism can be obtained.

Because of tan (05 / 2) =X, , 8 solutions of the joint angle &, can be obtained accordingly.

It can be seen that there are at most 8 circuits (assembly configuration) of Stephenson-
IIT spherical six bar mechanism. At the same time, it can also be obtained that the output
angle 6, is

a, a,, —a,a
eszzarctal’l( 21733 31 23)
a3,y — 0y 03, Q1

4. Conclusion

Referring to the division method of Stephenson-III planar six bar mechanism,
Stephenson-III spherical six bar mechanism is regarded as composed of basic spherical
four-bar chain and spherical two-bar group. On this basis, the position analysis of
Stephenson 111 spherical six bar mechanism is carried out, its input-output equations are
obtained, and the correctness of the equations is verified by loop analysis, It not only lays
a solid foundation for the kinematic analysis of this type of mechanism, but also
contributes to the research of its dynamic analysis, and provides a theoretical basis for
the better application of Stephenson III spherical six bar mechanism.
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