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Abstract. One of two major limitations of a vibration energy harvester (VEH),
concerns its limited performance due to its confined physical enclosure. The
maximum span realizable is attained at a specific excitation level. This excitation
level provides the maximum energy harvested by the VEH device. Due to span
constraints, VEHs are designed to operate at the maximum span achievable at the
maximum excitation level existing within the region of interest. In this study, a
constrained optimisation problem (for the VEH) is formulated and investigated. This
paper focuses on the analysis, design and optimisation of a nonlinear VEH device.
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1. Introduction

Vibration energy harvesting has recently received substantial consideration due to the
rapid developments in technologies such as low-power wireless sensors [1, 2]. Two
major limitations exist for most of the VEHs. The first and more considered limitation is
the operational bandwidth of a VEH. VEHs are typically designed to operate at their
natural frequencies. This implies excitation frequencies beyond the natural frequency
reduces the efficiency of the harvester [3-5]. The second limitation concerns the
constrained physical enclosure of the VEH, which causes the suspended mass to oscillate
within a specified span [6, 7]. Therefore, for best performance, the maximum excitation
level is considered at the design stage. However, excitations below the maximum value
reduces the energy harvested. A recent study in [8] revealed that a nonlinear cubic
electrical damping extends the harvestable power of a VEH. It was shown that by
integrating a cubic nonlinear damper to a VEH system, it outperformed an equivalent
linear VEH. The results obtained in [8] indicated that at maximum excitation, the same
relative displacement of the VEH and hence average power, are provided by both
nonlinear and equivalent linear VEHs. Nevertheless, at excitations below the maximum
level, the nonlinear VEH provided more energy compared to its linear equivalent. The
study in [9] corroborated this assertion and demonstrated the effect of the harvester coil
resistance on its harvestable power level.

This study focuses on the analysis, design, and optimisation of a VEH integrated
with a cubic damping nonlinearity. A mathematical model of the nonlinear VEH is
developed and analysed, using the Output Frequency Response Function (OFRF)
method. Performance metrics of the VEH, such as average power, are expressed in terms
of the parameter of interest, using the OFRF method. Subsequently, an optimisation
method is conducted to maximize the energy harvested by the VEH, subject to span
constraint.
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2. Model formulation

In this study, a base-excited single degree-of-freedom (SDOF) VEH is considered, as
illustrated in Figure 1. The SDOF system is seen to have an oscillating mass, m , base-
displacement y(¢), spring stiffness &, , the relative displacement between the oscillating
mass and the support-base of the harvester z(¢) = x(¢) — y(¢) , equivalent linear viscous
damping coefficient ¢, and nonlinear cubic damping coefficient c;.

Figure 1. SDOF base-excited VEH with a nonlinear damper.

The dynamic equation [8] is given as
mz +cz+ ¢,z +kz=—mp nH
Supposing a harmonic base excitation, y(¢) = Ysin(wt) is assumed with magnitude, Y,

frequency, w and zero phase shift. Then the dynamic equation of the VEH can be
expressed as

mz + ¢,z +¢;2° + k,z = mw’Ysin(wt) 2)
The average power of the damping system is given as in [8]
T T
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Considering a general mono-frequency oscillation, Eq. (3) becomes
1
P, :Eclszz +§C3w4Z4 “)

The first term of Eq. (4) is regarded as a loss based on the dissipative power of parasitic
damping [10]. For such a loss, ¢, is the equivalent viscous damping coefficient for the
parasitic damping [11]. The second term provides the harvestable power. Furthermore,
in practical VEHsS, the relative displacement of the oscillating mass is constrained by the
physical enclosure of the system. This, implies that the magnitude of the relative
displacement is constrained to a certain maximum value, Z . This physical constraint

however limits the maximum harvestable power as it is seen in Eq. (4) that the power
harvested is a function of Z , and also, Z is a function of the excitation frequency, w

[12]. Therefore, it is important that the damping parameter, c;, to be designed, should

be able to restrain the oscillations of the suspended mass within a tolerable span while
maximising the energy harvested. The second term in Eq. (4) is given as
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B, = 2wz )

avl, -
The OFRF-based approach will be utilised in this work, for the analysis of the dynamic
model of the VEH in Eq. (2). The parameter of interest, ¢;, will also be designed and

optimised to ensure the realization of the maximum harvestable power, subject to
existing constraints. The benefit of the OFRF is that the method can provide an explicit
analytical relationship between the design objective, P, ~and system parameter of

interest, ¢;. This can significantly simplify the system design and optimisation. The

performance metrics sought in this work are the relative displacement, Z, and
harvestable power, P, . For an elaborate procedure on how an OFRF model is derived,

vles

refer to the following studies [13-17]. This has been omitted here due to page restrictions.

3. System Analysis, Design and Optimisation

The subsequent analysis and simulations have been performed using the following model
parameters, m = lkg, ¢, =0.035N.s.m™, k, = 47> N.m™,Y, = 0.4m [8]. Itis observed
that Eq. (2) belongs to the class of the Volterra system as shown in eq. (8) of [15], with
M =3 and L=2. The system parameters are identified as ¢ ,(2)=m, co(D=c,
e (1) =¢;, ¢,,(0)=k,and ¢,,(0) = —mw’Y , while other parameters are zero.

Therefore, the OFRF of Eq. (2) is derived, using the OFRF method, as
Z(jw)=0,(jw)+0,(jw)c; +6, (]W)C32 +ot glo(jw)céo + Qll(jw)c;] (6)

The coefficients 6,,0,---0,, in Eq. (6) are complex values. However, these values have
been omitted here due to page restrictions. The output frequency response, Z is seen to
be a function of w and c;, , therefore can be written as Z(jw;c;) . Note that the objective
is to design c¢; that provides the maximum power harvested by the VEH, considering
existing span constraint. It is observed in Eq. (5) that the average power harvested is also
a function of the output response, Z . Substituting Eq. (6) into Eq. (5), the OFRF of the
average harvestable power becomes

3 .
Pav\c_; = §C3w4 |Z(JW,C3)|4 (7)

The OFREF is a polynomial representation of the system output. A comparison between
the results obtained from the OFRF method and Runge-Kutta 4 algorithm (ODE45 in
MATLAB), over the parameter value outside the OFRF training set (in this case,

¢, =0.0101N.s*.m™), is shown in Figure 2. The results indicate that the OFRF provides
a very good representation of the actual system model.
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Figure 2. Comparison between the OFRF analytical and Runge-Kutta numerical solution: a) relative mass

displacement, b) Average power harvested.
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3.1 Optimisation of an unconstrained VEH system

It should be noted that in the absence of a mass displacement constraint in the VEH, the

optimal value of c¢; required to maximise the energy harvested, P, , can be obtained

vies
by evaluating the zero of the derivative of Eq. (7) with respect to ¢, . This gives

Lo _ ®)

dc,

Though there are several solutions to Eq. (8), the minimum, non-negative real solution
is selected which is evaluated as ¢{™' =0.0015N.s>.m™. This value is substituted into
Z(jw,;c;)|=3.035m
=76.68W of the VEH, considering no

Egs. (6) and (7) to obtain the corresponding mass displacement,

and average harvestable power, P

av|e; max|1

constraints. However, practical VEHs are constrained in their relative displacement, Z
hence posing a constrained optimisation problem.

3.2 Optimisation of a constrained VEH system

From the derived OFRF representations for the average harvestable power and the output
frequency response, the optimisation problem for the nonlinear parameter, ¢, , subject
to a constraint, can be formulated as;

l'ncax Pav\q (wr ’ C3 )
3

max —

¢, —1x1072<0

. [12Gee)-2, <0 ©)

where w,=6.3rad.s™!, Za=2.5m, and ¢;€[0,0.01]
Eq. (9) is solved using the MATLAB fmincon function. The optimal cubic damping is
obtained as ¢ =0.0032 N.s>.m>. Substituting this value into Eqgs. (6) and (7) yields

|Z (jw,)|=12.500m and P, =75.07W . To demonstrate the effectiveness of the OFRF
method, the optimal damping solution, ¢{"* is substituted into Eq. (2) and Eq. (5), which

av
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yields an output spectrum and corresponding average power of |Z ( jw,)| =2.501m and
P =7498W , respectively. Table 1 shows the maximum average power harvestable
by the VEH, while considering both unconstrained and constrained conditions.

Table 1. Maximum average harvestable power attainable at w=06.3rad s’ (2=1) subject to the system
constraint, Z = 2.5m

Constraint Mass displacement of Max. average harvestable Nonlinear damping,
present? VEH system, Z(m) Power, P, .. (W) e (Ns’m™)x107°
No 3.035 76.68 N 1.5
Yes 2.500 75.07 3.2

It is observed that the maximum average harvestable power of the VEH, considering the
displacement constraint of the VEH, Z =2.500m , is determined as P =75.07W for

avle; max 2
¢ =0.0032 N.s>m3. Figure 3 shows the effect of a nonlinear cubic damping
characteristic on, (a) the relative displacement, Z and (b) average power, 2, of the VEH,

> " avies

respectively. These graphs were obtained based on the variation of nonlinear cubic
damping, ¢, €[0, 0.01] Ns’'m”, at the resonant frequency. In Figure 3a, it is observed that

Z decreases monotonically as ¢; increases. There exists an inverse relationship between

both parameters. That is, Z decreases as ¢, increases and vice versa. However, in Eq.

(5), it is observed that the average harvestable power is a function of both parameters,
Z and c,. This implies that P, becomes zero if either of these parameters is zero.

les
Therefore, as revealed in Figure 3b, an optimal value of the nonlinear damping parameter
provides a maximum average harvestable power, subject to span constraint.

Figure 4 represents the system output response (a) and average harvestable power
(b) obtained, for unconstrained and constrained cases. Figure 5 shows a surface plot
variation of the average harvestable power with respect to excitation frequencies, and
nonlinear damping characteristics.
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Figure 3. Comparison of analytical method (OFRF) and numerical simulations for (a) the output frequency
response of Eq. (2), and (b) the average power of the VEH.
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Figure 4. Comparison of (a) system output response and (b) average harvestable power obtained, for non-
optimised and optimised cases.
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Figure 5. Average harvestable power obtained at different excitation frequencies, and nonlinear damping
parameter values (b) Contour plot for average harvestable power

4. Conclusions

This work focused on the analysis, design and optimisation of a nonlinear VEH. The
proposed VEH system was integrated with a nonlinear damping characteristic and its
energy harvesting performance was investigated considering unconstrained and
constrained conditions. It was observed that under unconstrained conditions, more power
was harvested for a lower nonlinear damping level compared to the case under
constrained conditions. Future studies will consider the extension of a VEH harvestable
power under constrained conditions.
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