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Abstract. Based on Hertz elastic contact theory, elastohydrodynamic lubrication 
theory, the equivalent radial stiffness model of roller raceway contact pair of 
logarithmic modified tapered roller bearing is derived under the consideration of 
oil film stiffness. The calculation results show that the equivalent radial contact 
stiffness increases with the increase of contact load, increases linearly with the 
increase of effective contact length of roller, and changes little with the increase of 
modification f1. When the radial load is small, the oil film has a great influence on 
the equivalent radial stiffness, which decreases gradually with the increase of the 
radial load. 
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1. Introduction 

The axle box bearing of high-speed railway is tapered roller bearing, and its generatrix 

is linear roller, which has “edge effect”. The logarithmic modified roller can reduce the 

“edge effect”, improve the contact stress distribution between the roller and raceway, 

and improve the eccentric load effect of the roller, which have been widely studied [1]. 

The contact deformation and radial contact stiffness of bearing contact pairs are the 

basis of bearing load distribution and dynamic characteristics analysis. Fu Yuanning 

has analyzed the influence law of elastic deformation and contact stress of tapered 

roller bearing based on Hertz contact theory and finite element method [2]. Houpert has 

deduced the calculation formula of contact deformation between tapered roller and 

raceway based on Hertz’s contact deformation formula [3]. Wang Ailin have deduced 

the calculation formula of contact deformation and contact stress distribution of tapered 

roller bearings by using the influence coefficient method [4]. The contact stiffness of 

cylindrical roller bearings have been analyzed by SHRINIWAS based on 

elastohydrodynamic lubrication theory and line contact theory [5]. Wu Hao has derived 

the radial contact stiffness of the tapered roller bearing under the maximum load[6], but 

did not consider the equivalent stiffness of the inner and outer ring stiffness in series. 

Liu Guanghui used the finite element contact analysis method to analyze the stiffness 

of cylindrical roller bearing [7]. Wu Zhenghai has established a full dynamic model of 
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tapered roller bearing cage with equivalent stiffness and damping of lubricating oil film 

[8]. The above roller raceway contact deformation formula is based on the point 

contact formula, which need to be solved by numerical method and transcendental 

equation. The efficiency of dynamic characteristic analysis is low. The corresponding 

stiffness calculation model of tapered roller bearing needs to be simplified. 

In this paper, the contact deformation formula of the logarithmic tapered rollers is 

derived by Hertz elastic contact theory. According to the elastohydrodynamic 

lubrication theory (EHL), the oil film thickness and stiffness formula are obtained. The 

radial equivalent stiffness model of roller raceway contact pair of logarithmic modified 

tapered roller bearing is established, which provides a theoretical basis for dynamic 

analysis of modified tapered roller bearings. 

2. Contact Deformation 

According to the taper roller slicing processing method [6,9], the taper is cut into n 

rectangular elements along the generatrix direction, as shown in Figure 1. 
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Figure 1. The geometrical relationship of tapered roller 

The
ai

S and
bi

S  is the long and short axes of the ellipse at the section, the 

curvature radius of tapered roller and inner raceway at the slice is as follows. 
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The curvature radius of the outer raceway at the slice is as follows. 

iii DADR 2322
22tan2sin2cos

22tan2tan1

2

1







）（）（）（

）（）（




 

S. Luo and J. Wang / Study on Radial Stiffness of Contact Pair 107



Where, 
i

D1 and iD2  are the section diameters of the inner and outer raceways 

parallel to the raceway end face at the contact point. In this paper, the lower subscript 1 

indicates the inner ring, the lower subscript 2 indicates the outer ring. According to the 

basic formula of plane contact problem [10], the half width and contact deformation of 

convex -convex contact are shown in Eq. (1). 
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The half width and contact deformation of convex- concave contact are shown in 

Eq. (2). 
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Where, v  is Poisson's ratio, E is the elastic modulus,
a

R , bR  are the curvature 

radius of two contact bodies, Q is the normal load. The contact deformation between 

the roller and the inner or outer raceways can be obtained by substituting i
R , i

R1 and

i
R2  into the Eqs. (1) and (2), as shown in Eqs. (3) and (4). 
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The logarithmic modification roller can eliminate the "edge effect", and the 

logarithmic modification formula is shown in Eq. (5) [9]. 
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Where, f�,f� are the logarithmic modification parameter, the unit of f� is um,  f� 

is dimensionless. The contact deformation of logarithmic modified roller and raceway 

are
'

1 1i i
    and 

'

2 2i i
    . 

The stress concentration at both ends of the roller length of logarithmic modified 

tapered roller bearing is significantly reduced, and the stress in the middle part is larger 

[11, 12]. Therefore, the deformation of the inner and outer rings at the middle of roller 

length (
sin22

min
Dl

l
e

i  ) are shown in Eq. (6).  
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Where, Q is normal maximum load of inner ring,
cos

08.4

Z

F
Q r

 , 'Q  is normal 

maximum load of outer ring, 
）（

‘

 2cos

08.4





Z

F
Q r . 

'
1

2

El

m

e


 ,
'

2

1

El

m

e

 , 















 986.1

2

))(sin
ln

2
'

21min

'
1

ElAADl

El

n
ee

e





（ , 
















 38.0

)(2

)sin(
ln

1

13
'

31min

'2

AAEl

AADl

El

n

e

e

e

  

3. Calculation of Oil Film Thickness of Logarithmic Modified Raceway Contact 

Pair 

According to the EHL characteristics of the contact pair between the modified roller 

and the raceway, Dowson have gave the formula of the center oil film thickness of the 

modified roller [13,14]  
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Where,   is the viscosity compression coefficient, 0  is the viscosity of 

lubricating oil, u is the suction speed,
e
k  is the contact ellipse ratio,
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The curvature radius at the center of contact pair (x = 0) of logarithmic modified 

roller raceway is 
2

v 1 2
/ 8

e
R l f f . 

4. Equivalent Radial Stiffness of Logarithmic Modified Tapered Roller Bearing 

According to the mechanical characteristics of contact pairs by EHL, the contact area is 

divided into lubricant inlet area, Hertz contact area and outlet area, as shown in Figure 

2. 
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Figure 2. Contact model of contact pair 

According to the definition of contact pair stiffness, Hertz contact stiffness of inner 

and outer raceway contact pairs can be obtained by Eq. (6), which is shown in Eq. ( 8). 
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The oil film stiffness of the contact area can be obtained by Eq. (7), as shown in Eq. 

(9). 
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Since the contact stiffness and oil film stiffness of the contact area are in series, the 

equivalent stiffness of the roller raceway contact area under lubrication, and the oil film 

stiffness in the entrance area of logarithmic modified roller and raceway contact pair is 

as follows. 
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Where, a  is the half length of contact between roller and raceway under dry 

friction contact. 

According to the series parallel relationship of the contact area stiffness of the 

inner and outer raceways (Figure 2), the equivalent stiffness of the inner and outer 

raceway contact pairs of the logarithmic modified tapered roller bearing under 

lubrication can be obtained as
1 1ef E

K K K 
,and 

2 2ef E
K K K 

 . 

The contact stiffness of the inner and outer raceways is in series, so the equivalent 

stiffness of the bearing contact pair is 
1 2 1 2

/ ( )K K K K K  .  

For tapered roller bearings with linear contact [7], the load displacement 

relationship is as follows. n

KQ  , 9.0/1n  
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5. Calculation Examples and Analysis 

The calculation take the logarithmic modified roller of 35226 × 2 double row tapered 

roller bearing as an example, the effective length of roller is 40mm, β = 0.806�, the 

contact angle of inner ring is  α = 7.75�  ,D��� = 22.8mm  f1=4.40μm, f2=0.997, 

viscosity compression coefficient is 2.1 × 10��m�/N , 2

0 /.02.0 msN ,

sm /8.6u  ,E = 2.06GPa,  v = 0.3 , Q=3.5kN, The radial displacement and radial 

equivalent stiffness of contact pair calculated by finite element statics analysis are 

shown in Table 1. The results show that the maximum error between the finite element 

value and the equivalent stiffness calculation value is about 18% which verifies the 

correctness of the equivalent stiffness calculation. 

Table 1. Compare of contact radial displacement between finite-element and equivalent stiffness calculation 

Q(N)) Effective length 

(mm) 

Finite element 

value (m) 

Calculated value of 

stiffness (m) 

Error 

3500 45 3.30E-04 2.73E-04 16.8% 

2000 45 2.21E-04 1.86E-04 14.6% 

3500 30 4.25E-04 3.59E-04 14.8% 

3500 50 3.14E-04 2.54E-04 18.1% 

The results of Hertz contact stiffness and equivalent stiffness of tapered roller 

raceway contact pair are shown in Figure 3-5. 

   

Figure 3. The contact stiffness of the modified   Figure 4. The contact stiffness of the modified roller 

     roller raceway varies with the load         raceway varies with the l the effective length of the roller 

 

Figure 5. The contact stiffness of the modified roller raceway varies with the modification parameter f1 

It can be seen that the contact stiffness of logarithmic modified roller raceway 

increases with the increase of contact load. Under lubrication condition, the equivalent 

contact stiffness of contact pair is slightly lower than Hertz contact stiffness, and the 

difference decreases with the increase of load. Under light load, the oil film stiffness 

has a great influence on the equivalent stiffness, which is due to the decrease of oil film 

thickness and the increase of oil film stiffness due to the increase of radial load. The 

contact stiffness increases linearly with the increase of effective contact length, and the 
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equivalent contact stiffness is almost equal to Hertz contact stiffness. As the effective 

contact length increases, the contact surface increases, the contact deformation of roller 

raceway decreases, so the stiffness increases, and the effective length has no effect on 

the oil film stiffness. With the increase of modification F1, the contact stiffness 

decreases in a curve, but the change is small, which can be ignored. Due to the increase 

of F1, the equivalent radius of curvature in the direction perpendicular to the suction 

velocity decreases, the oil film thickness increases, and the oil film stiffness decreases. 

6. Conclusion 

Based on Hertz elastic contact theory, the contact deformation of roller raceway contact 

pair of logarithmic modified tapered roller bearing is deduced. Based on EHL theory 

and stiffness calculation method, the equivalent stiffness model of roller raceway 

contact pair of logarithmic modified tapered roller bearing is established. The results 

show that the equivalent contact stiffness increases with the increase of contact load, 

increases linearly with the increase of effective contact length of roller, and almost 

unchanged with the increase of modification F1. 
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