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Abstract. We have to make a decision even if utility functions and measurement 
procedures of alternatives are not given clearly. The Analytic Hierarchy Process 

(AHP) is a multi-criteria decision-making process in transdisciplinary areas. The 

process does not assume linear order of utility and priorities of alternatives; they are 
given as ratios from pairwise comparisons with regards on each criterion. This study 

is on the pairwise comparisons. First, I introduce a criterion, called naturality in this 
article. It is a generalized concept of Condorcet’s principle. And I provide a link 

diagram to confirm naturality. Finally, I describe a rating procedure to aggregate 

weights which satisfy naturality. 
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Introduction 

We often face decision-making problems, which select the best one from the set of 

alternatives, in social issue or individual’s life. It is hard to solve the problems because 

some criteria conflict with each other, and utility functions or procedures to evaluate 

alternatives are not always given. We have to make decisions even if suitable disciplines 

and communications among them are under developing. The Analytic Hierarchy Process 

(AHP), developed by Saaty [1], is a decision-making process based on pairwise 

comparisons. If utility functions or any measurements of alternatives are not identified, 

then pairwise comparisons are the only way to evaluate alternatives. AHP consists of 

three phases: construction of hierarchy structure, evaluation of weights of alternatives in 

each criterion by using pairwise comparisons, and synthesis the weights. 

This article focuses on pairwise comparisons in the second phase. Each criterion, for 

every pair of alternatives, decision-makers show the ratio how times prefer the alternative 

than another one. Weights of alternatives are aggregated from the ratios by using the 

suitable method. 

To describe how to aggregate ratios, let us consider an example in the case of four 

alternatives . Ratios given by decision-makers’ pairwise comparisons for all 

pair of alternatives are arranged into the following matrix. 
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The element  means that the alternative 2 is  times preferred than the 

alternative . If the alternative  is preferred than , , then , othewise 

. 

In AHP, the weights of alternatives are calculated by the geometric mean method or 

the eigenvector method. The weights calculated by the geometric mean method are 

. They are normalized values 

of  which geometric means of each row of the matrix. The 

weights calculated by the eigenvector method are 

, which are elements of the principal eigenvector of the 

matrix. Weights of both imply that ; the winner is the alternative . 

While, the ratios in the matrix show the alternative  wins to all of others;  

( ,  ( ), and  ( ). 

We expect that if the alternative  wins to  in an aggregation then  wins to  in 

pairwise comparison. Above example shows the geometric mean method and the 

eigenvector method may not satisfies it. In general pairwise comparisons, there is no 

procedure which satisfies the requirement. So I introduce a modified requirement that is 

referred to as naturality [2]; if the alternative  wins to  in the aggregation then  must 

win to  directly or indirectly. 

In the following sections, I describe naturality by using functor, and provide a link 

diagram to visualize naturality. And I provide a rating method to calculate weights which 

satisfies naturality. 

1. A link diagram visualizing naturality 

Naturality can be described by using terms in category theory [3]; naturality is the 

existence of covariant functors between path categories. To describe it, I first construct 

a path category, or often called free category. The category consists of objects and arrows. 

Each object corresponds to each alternative, and each arrow represents which alternative 

is preferred in pairwise comparisons. If the alternative  is preferred than , , then 

the arrow  exists. If  and  are indifferent, , then I put conveniently an 

arrow from the alternative with smaller number to the alternative with larger number; if 

 and , then there is an arrow . Composited arrows are also in the 

category. The arrow  and the arrow  can be composited as  when 

. 

Under the construction, the existence of an arrow from  to  means that the 

alternative  wins to  directly or indirectly. If the alternative  wins to  directly, then 

 exists. If  wins to  indirectly, then there is a composited arrow from  to . If there 

is the composited arrow is , then  may be defeated by  directly, but  

wins to  indirectly;  and  and . 
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A category whose arrows represent preferences given from pairwise comparisons is 

denoted as , and a category whose arrows represent preferences in an aggregation is 

denoted as . Then a correspondence, referred to as covariant functor, from  to  is 

denoted as ;  where  is an object of category, and an arrow  is 

corresponded to a arrow from  to  as . 

If there is a covariant functor  from the category  which represents the aggregated 

results to the category  which represents the pairwise comparisons, then the aggregation 

satisfies naturality. 

 

Figure 1. A link diagram for the aggregation which does not satisfiy naturallity.  

 

 

Figure 2. A link diagram for the aggregation which satisfies naturality. 
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A link diagram to confirm naturality is provided (Figure 1 and 2) [4]. It consists of 

loops floating on the ground. Each loop corresponds to each alternative, and crossings of 

each loop represent which alternative is preferred. If the alternative  wins to  then the 

loop of  is above the loop of  at the crossing of the two loops. In the diagram, every 

loop crosses twice other loops. One cross represents a pairwise comparison, and another 

represents result of an aggregation. Former crossings are in the lower-left side block  

in the diagram, and later are in the upper-right side block . 

An arrow  of the category is represented as jump from the upper loop  to the 

lower loop  at the crossing of the two loops. In Figure 1, which visualizes the 

aggregation of the above example, the arrow  is represented as the jump from the 

loop of  to  at the crossing the loop of  and . It can jump from  to  in the block 

block , but it cannt jump from  to  in the block . It means that it cannot construct 

any covariant functor; the aggregation does not satisfy naturality. While, in the Figure 2, 

all jumps in  have corresponds jumps in ; It satisfies naturality. 

The diagram also representes a commutative diagram of a natural transformation  

from the identity functor , which changes nothing, to the covariant functor . 

 

2. Rating which satisfies naturality 

Each category in this article is equivalence to tournament graph whose nodes and edges 

correspond objects and arrows of the category, respectively. From the graph, we can 

extract Hamilton path [5], which is a directed path that visits each node exactly once. It 

is clear that the order of nodes in the path satisfies naturality. 

There are many procedures to extract Hamilton paths from tournament graph. Let 

us suppose that the path is , and consider how to estimate weights of 

alternatives on the order. It is clear that the weights hold . While, the weight 

 are estimated from  as , . So, I provide the rating method to 

calculate weights as , and , and 

, for . Since , the 

weights satisfies . The weights are decided sequentially from  to . Each 

weight is calculated as geometric mean among estimated weights from weights already 

decided. If the estimated weights , , is less than , then it is replaced 

to  to satisfy the inequality. 

For the above example, the Hamilton path  can be extracted. On the 

path, the rating method calculates the weights as follows: 
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or  with normalizing them. And also the aggregation is 

visualized in Figure 2. 

Many rating method can be considered. Mizuno [2] has provided simple rating 

method to decide weights as follows; , , and . 

 

It satisfies  for all . The rating satisfies naturality when 

the Hamilton path is  , and also the weights have following property: 

 

The rating is just ignore some pairwise comparisons, but the weights are optimal; 

decreasing ,  and , increases  for some 

. 

3. Conclusions 

I provided a link diagram that visualizes a criterion, naturality, on pairwise comparisons. 

The diagram represents natural transformations between identity functor and covariant 

functor. And I provided a rating method to calculate weights of alternatives. The method 

aggregated weights which satisfy naturality. 

If there is no cycle of preference in pairwise comparisons, then loops in the link 

diagram which satisfies naturality are splittable. 

Naturality is a generalization of Condorcet’s principle [6] which states the 

alternative which wins to all of the others in pairwise comparisons must be the winner of 

the aggregation when such alternative exists. 
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