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Abstract. The use of active vibration control techniques applying piezoelectric
actuators can show satisfactory results. This paper proposes an active vibration
control technique based on H-infinity Norm, which is applied to a piezoelectric
actuator bonded to a composite structure forming a so-called smart composite
structure. The structural model is stablished for a rectangular shape beam by
Serendipity type finite element based on first-order shear deformation theory with
eight nodes, five degrees of freedom (DOF) per node and eight electrical DOF per
piezoelectric. Furthermore, a mixed theory that uses a single equivalent layer for
the discretization of the mechanical displacement field and a layerwise
representation of the electrical field is adopted. Temperature effects are neglected.
Simulation results show the effectiveness of the proposed control methodology for
composite structures.
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Introduction

In the last few years, there is a great interest in researches about composite materials
that possess innovative layouts, characterized by low weight, mechanical resistance and
the possibility of optimization to specific work conditions. Such materials are made of
fiber layers that can be oriented in specified directions, which enables them for
singulars applications.

The addition of piezoelectric layers to composite materials offers a wide
application area, such as precision positioning and active vibration control. The
association of composite materials with piezoelectric layers is known as Smart
Composite Structure. The representation of the behavior for the Smart Composite
Structures is achieved through Mixed Theory, based in one equivalent layer to
discretize the mechanical displacement field and another to represent the electric field
[1]. In the current work, both electrical and mechanical fields are represented by Finite
Element Model, by means of Hamilton’s Variational Principle, which takes into
account all the energy that is present in the structure.

The number of publications related to the development of new active vibration
control techniques increases in recent years. Many of them show successful results.
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The present work models a Smart Composite structure, which is a fixed beam in one
end, and uses modal active vibration control to optimize the performance of this
dynamical system. The aim is to improve the dynamical response behavior, considering
uncertainties in the model. For the control it was used the minimization by H-infinity
Norm.

1. Modeling of a Smart Composite Structure
1.1 Mechanical Deflection Field according to the Mixed Theory

The mechanical behavior of a structure, according to the Mixed Theory is represented
by the First Shear Displacement Theory (FSDT), given by Equation 1:

ux, y,z,0) = g (x,9,0) + (297 (x,9,1)
u(x, y,2,0) = vy (%, 3,0) + (297 ), (x, 9, 1) (M

w(x, y,z,1) = w,(x, y,1)

where u(,v,and w, are the displacements in directions x, y and z, respectively. The

plane x-y is the material plane and v w, are the rotation regarding x and y,

respectively.

The mechanical variables in Equation 1 are achieved by shape functions and nodal
variables using Finite Element Method. The element considered in this formulation is
known as Serendipity, which is a planar element with three nodes per side, resulting in
eight nodes per element [2].

From the FSDT, the mechanical displacement as function of nodal coordinates is
obtained:

ven ot =[a,e v, cnlu,o} )

where {U(f, n, z,t)} = {u(é, n, z,t)} {v(g, 7, z,t)} {w(f,n,z,t)}r , [Au (z)] is the
matrix of the thickness variables in z direction as functions of the five displacements
(uo,vo,wo,y/x e ¢//y), {ue (Z)} is the vector that contain all the nodal variables and

[N u (5, 77)] is the dynamical matrix of the mechanical function for the beam.

The elongation is expressed as function of shape functions and nodal variables,
shown in Equation 3:

{een=nf=[8,En o, o} (3)

where [B, (£.7.2)] = [D(z)[V, (£.7)], [D(z)]is the matrix that contains differential
operators present in the strain-displacement relation, which is detailed in [3].
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1.2. Linear Electrical Potential Distributed in the Structure Layers

After reaching the mechanical displacements, it is necessary to deal with the electrical
field calculation. Through the Mixed Theory, the electrical potential is expressed by
Equation 4, in which the direction along the thickness z is uncoupled from the
reference plane x-y.

ne+l

oy, = T L), (5.0 “4)
J=

Where L ; (z) is related to the function of equivalent layers, and ¢ j (x, y,t) is the

interface function of the j-th interface of the composite constituted by nc layers.

The electrical potential described in the local coordinates for the k-th layer and e-th
layer element is expressed by Equation 5, also originated from finite element
formulation.

olenz1)" = [Nw (o), ()} ()

Where the matrix of the electric shape functions N 0 (§,q,z) is associated to the

serendipity shape functions and Lagrangian interpolation functions {(pe (t)} that contain

the nodal values for the electrical potential.

Applying the definition of electric field as negative gradient of the electrical
potential, the expansion of the electric field for the k-th layer is expressed by Equation
6:

{ee.n=n) J= 5N, (e, () ©

where V[N, (&,7,2)]=[8, (&.m.2), |31

1.3. Elementary Matrix

When modeling a smart structure, the coupling between the composite structure and the
piezoelectric element is achieved by means of Hamilton’s Variational Principle, which

incorporates all energy distribution present in the structure. According to [4], the
elementary coupling matrices are shown from Equation 7 to Equation 10:

e = 1o T LT [, Do, ™

[K;u _% +!1 }1 zkI+1 ([Bu ]T [c][Bu ])szdndg ()

k=l¢=—17p =75
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[Kj(ﬂ ] = :Z_"l ;jl | +jl zljjﬂ ([Bu ]T [e]T [B(p D Jdzdndé )
=l é=—17n z=z;

[K:w] - % +J1 ? Zkf] - ([Bw ]T [Z]T [Bw D Jdzdnds (10)
k=lé=—1 5 z=z4

where p is the material density, [M e]is the mass elementary matrix, [K;u] is the
stiffness elementary matrix and both [K; (p] and [K (Zu] are elementary matrices of the
electric-mechanical coupling. [K;(/) is the dielectric elementary matrix. [c], [e] and

[;(] are respectively the matrices of, elastic stiffness, piezoelectric stress and

permittivity matrices, all formed by constant values. [Bu] and lB(pJ are input matrices

and V, is the elementary volume. J is the Jacobian of transformation [2].

Based in the previous equations, the global model matrix, presented in Equation 11
is built through a standard procedure in which g indicates global magnitude.

Sl bt et "

Where {F g} and {Qg}are respectively, the generalized force and the electric

charge.

2.  Control Approach

The modal active control is an advantageous technique, which is very effective when
applied in flexible structures, because these structures require a reduced number of
sensors and actuators.

In the present work, modal active control is employed to control the smart
composite structure. In Figure 1, there is a scheme of the arrangement for the modal

control, where J corresponds to the displacement, X to the modal state, F,, to the

external force and u# represents the control effort.

The estimator acts to determine the modal states demanded by the controller,
however, in order to apply the Kalman Estimator, it is necessary that the model be
represented in the state space form. Therefore, in the control scheme in Figure 1, the
smart composite structure, expressed by Equation 11, is denoted in the space state form
as in Equations 12 and 13, in order to enable them for numerical simulations.

The Kalman Estimator is used when it is desired to reduce the effects of noises in
both input and output signals, to estimate the states and the outputs of the system [6].
Equation 12 represent the Kalman Estimator:
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e O =L T 0« [, )y + [t ) - 50y (12)
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Figure 1. Active modal control based on modal state feedback control (adapted from [5]).

where [A,] = and [B,]=[0 M]", [L] is the observer gain matrix,

Lk ol
-M7'K 0 -
determined by lge.m in Matlab® soffware, 5(t) is the displacement vector and & (t) is

the estimated displacement vector.
The output equation is as follow:

o)y =le Jiv, () (13)

In Figure 1, it can be observed that in the modal state, the feedback require modal
displacements and velocities to determine the control effort. In the current work, it was
used the H-infinity Norm as controller.

3.  Norm H-infinity

In [7] it is shown how to calculate de norm H-infinity by LMIs. The H-infinity Norm
can be solved by using the following optimization convex problem:
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ol - i

A"P+pra+c’cpr
, <0 (14)
B P-pu

P>0, u>0

where u is a scalar. Therefore the controller gain is achieved when 4 is minimized.

4. Numerical Simulation

The smart laminated beam structure analyzed in this work is illustrated in Figure 2. The
beam has a 306mm length, 25.5mm width and 1mm thickness, and it is composed by
five layers of graphite/epoxy 0.2mm thickness each layer. The layers are oriented as
[45° /0° /45° /0° /45°], where 0° refers to a direction parallel to x axis.

The piezoelectric ceramic actuator is attached to the upper side of the beam, 1mm
far from the fixed end, with 1mm thickness and dimensions of 45.9 x 25.5mm.

Controller

Mm@y _, Y”

Figure 2. Laminated beam one fixed end with active vibration control (From [8]).

The constants of elastic stiffness of the beam, made of graphite/epoxy (AS4/3501)
given in [GPa], are respectively:

e =173.6 5 ¢y =c33 =761 ; ¢y =¢j3 =248 ; cp3 =231 ; ¢4y =1.38 ;
Cs5 = Cgg = 3.45.

The piezoelectric stress constants:

€l =Cyp =33 =102.23 ; ¢|5 =13 =Cy3 =5.035 ; ¢ =Cyy =033 =102.23 ;
Cy4= C55 = Cg = 2.594.

The piezoelectric electric constants in [C/m?] are: e3; =18.300

B
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The electric permittivity, given in [F/m], are: x| = x2o = X33 =1800s, . The

density of the composite structure and of the piezoelectric material, given in [kg/m?],
are respectively 1578 e 7700.

The excitation force of / N was applied at point (II), as shown in Figure 2 and the
responses in the time domain were measured at point (I). The piezoelectric actuator is
connected to an active control system, and the amplitude of vibration is minimized. In
order to have more similarity possible with an experimental condition, white noise
were added in the displacement calculation.

Robustness analyzes were performed considering uncertainties of (£10%) in the
dynamical matrix of the state space and also in the Kalman Estimator model. The
balanced realization was used to reduce the model to the first two vibration modes of
the structure, given that the system is both controllable and observable when
considering these modes.

Regarding control, three cases were analyzed, the first was the deterministic, the
second considered non-parametric uncertainties in the model of the smart composite
structure, the uncertainties were inserted directly in the dynamical matrix of the system
model, and in the third case, the uncertainties were input in the Kalman Estimator
model.

5. Results

The first important results is that for the first two modes considered, the system was
indeed observable and controllable. Then, the methodology discussed was applied to
the system. For this condition the response of the system was analyzed in both time and
frequency domain, presenting the voltage used in each case

The first case was the deterministic case in order to verify the efficiency of the
proposed methodology. Figures 3, 4 e 5 show the control results.
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Figure 3. Impact Response control off (black line)  Figure 4. Frequency Response Function: control off
and control on (gray line). (black line) and control on (gray line).

In Figure 3, it can be observed that the system was controlled, and the response
was completely attenuated after /.0 s. Figure 4 shows that the control strategy was
capable of expressively reduce the first mode of the system. Figure 5 shows the voltage
due to the control effort of the piezoelectric actuator.
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Figure 5. Control effort.

Figures 6, 7 and 8 show the results for the second case.
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Figure 6. Impact Response: control on (gray line),
envelope (black) and control off (light gray line).

Figure 7. Frequency Response Function:
deterministic (light gray line) and envelope (black).
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Figure 8. Control effort: deterministic value (gray
line) and envelope (black).
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In terms of impact response, it is noticeable that the system response was
attenuated, as can be seen in Figure 6, where the light gray line represents the system
without control. It can be observed robustness of the controller until a certain period
shown by the small envelope (in black), however in a posterior moment it can be
noticed that this envelope increases, what characterize instability of the system in
steady state. The same tendency was observed in terms of control effort in Figure 8.
The FRF in Figure 7 shows that the two modes considered for controlling were reduced,
however there is an increase of the third mode, demonstrating the Spillover effect,
which causes increase in the steady state envelope.

In the third case, it was considered uncertainties in the Kalman Estimator model.
Figures 9, 10 and11 show the results for this case.

o
o
R

o
o
-—
o

&

o
==
—=°

Displacement [m]
=
o
= o
20*log(8/F ., ) [dB]

-100

'0'020 2 4 0 200 400
Time [sec] Frequency [Hz]

Figure 9. Impact Response: contron on (gray line), Figura 10. Frequency Response Function:
envelope (black) and control off (light gray line). deterministic (light gray) and envelope (black).
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Figure 11. Impact Response: control on (gray line)
and envelope (black).
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From the graphs presented in Figure 9, 10 and 11 it is noticeable that the condition
considering uncertainties in the Estimator model, considerably approaches the real
model for all measured values, showing more robustness in this case than in the
previous cases.

6. Conclusion

The current work deal with the study of active vibration control in smart composite
structures through the control by H-infinity Norm. The numerical results had shown
that the control was effective to attenuate the beam vibration using a piezoelectric
actuator. They also reveal that the number of modes considered, which in this case
were two, had been sufficient to achieve satisfactory control results. It is worth
comment the importance of the balanced realization at this stage, given that this
technique classifies the modes in order of relevance, allowing the consideration of the
most important modes to the system response. The analysis had shown the robustness
of the system, mainly in the third condition analyzed, which occurred even with the
uncertainties added to the estimator model. The results obtained matched the values of
the deterministic methodology.
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