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Effects of shear stress history on yielding of dense Toyoura sand in p'-constant shear 
plane 
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ABSTRACT 
Effects of shear stress history on yielding characteristics of dense Toyoura sand are investigated. The yielding behavior in p'-constant 
plane is charactelized, especially at small strain level, by introducing two sub yield surfaces Y I and Y2 inside the conventional large
scale yield surface, Y3• 

RESUME 
Les effets de I' histoire de sollicitation en contraintes de cisaillement sur les caracteristiques de I'ecoulement plastique du sable de 
Toyoura dense sont etudies. Le compOliement dans Ie plan p', a contrainte moyenne effective constante, est caracterise, plus 
particulierement au niveau des petites deformations, en introduisant deux surfaces de charge YI et Y2 a I'interieur de la surface de 
charge classique Y 3. 

1 INTRODUCTION 

Failure of the ground has been a main concem in construction 
of structure. However, it has been recognized that we have to 
consider not only the failure but also the deformation of the 
ground, because constructions of large size structures and those 
close to the adjacent buildings have increased. It is very impor
tant to estimate the deformation of the ground even at very 
small strain level. 

In conventional yield surface models, which have been used 
for practice, yield surface is defined at relatively large shear 
strain, in many cases assuming to coincide with the state bound
ary surface, and the deformation behavior is assumed elastic 
within the yield surface. However, actual behavior of soil is 
non-linear even within that yield point. Elastic behavior of sand 
is observed only at very small strain of the order of 0.001 % (e. g. 
Kuwano et aI., 2001). The deformation behavior beyond this 
strain level is highly non-linear with rapid decrease in stiffness 
moduli, that is, the conventional yield surface model does not 
describe the behavior of sand accurately within the yield surface 
(e.g. Chaudhary and Kuwano, 2003). 

To describe the behavior within the conventional yield sur
face, ] ardine (1992) proposed multiple yield surface model in 
p'-q plane. It consists of three yield surfaces V}, Y2 and Y3. The 
Y 3 yield locus represents the large-scale yield surface, which is 
the same as conventional yield surface. The sub-yield surfaces 
YI and Y2 are mobile with a stress point. In this study, effects of 
shear stress history on yielding characteristics of dense Toyoura 
sand were investigated in p'-constant shear plane. To character
ize the nonlinear features of soil, the multiple yield surface 
model was adapted to the shear characteristics in p'-constant 
shear plane. 

2 TEST OUTLINE 

Hollow cylinder apparatus was used. It gives an advantage over 
conventional triaxial apparatus as the torsional shear stress can 
be applied to the specimen in addition to the deviator shear 
stress as shown in Fig.I. Also three normal stresses can be var
ied independently, unlike the conventional ttiaxial apparatus 
where two normal stresses in radial direction are always equal. 
Therefore a general stress path of any kind can be applied to the 
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Figure 1. Stress components in hollow cylinder specimen 

specimen. 
The details of hollow cylinder apparatus used in this study is 

described in Chaudhary et al. (2002, 2004). Vertical load (W) 
was controlled by air pressure. The torque (MT) was controlled 
by oil pressure. Inner and outer cell pressures (Pi and Po) were 
applied by air pressure controlled by E/P transducer. All the 
stress and strain measuring devices were connected to amplifier 
and then to a personal computer through a 16-bit AID convelier. 
It makes automatic measming and system control possible. 

Toyoura sand specimens were prepared by air pluviation 
method, to achieve the relative density of SO%. Specimens were 
saturated by vacuum method, and consolidated isotropically to 
p'=9S.1kPa then sheared in drained condition in p'-constant 
plane as shown in Fig.2. 

Specimens were sheared on p'=9S.1 kPa constant plane. Soil 
deformation consists of two components, shear and volumetric 
strains. If p' is constant, we can observe only effects of shearing. 
During sheming, the parameter for intermediate principal stress, 
b-value, was kept at 0.5. Therefore (}2=(}r was constant through
out the shearing. 
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Figure 2. Consolidation and shear stress paths in the test 

Figure 3. Shear stress path for the test series 1 

At various maximum shear stress, Z;nax, dming sheaIing, 
creep tests were caITied out, keeping Z;nax constant for more than 
2~3 hours to observe creep characteristics of sand. Then small 
unload reload cycles of Lla' z, Lla' 8 and Ll Tz8 whose magni
tud~was generally ±2 kPa, ±4 kPa and -6 kPq,were applied to 
measure quasi-elastic moduli at various stress states. 

Seven series of tests were carried out in this study. In the se
ries 1, nine specimens were isotropically consolidated to 
p'=98.1 kPa. Then they were sheared along various a.crdirections 
from the isotropic stress state point as seen in Fig.3. The radial 
shearing test to study the yield behavior around any stress point 
is called 'stress probing test'. 

In the selies 2, six specimens consolidated isotropically were 
pre-sheared ac;=22.5deg. to 1max=30kPa which is within Y3 
yield surface obtained from test series 1. Then stress probing 
tests from Point Al were can'ied out along six directions. While, 
in the selies 3,6 specimens were sheared along ac; =67.5deg. to 
Z;nax=20kPa, then stress probing tests from B 1 were carried out. 
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Figure 5. Increase in strain increment with total shear strain 

-l~======~rrm''-ITIOTITI~'I''IT~'I-'~ 
• 0.0 deg. 
o 22.5 deg. 
" 45.0 deg. 
A 90.0 deg 

-0.5 • -67.5deg. Y3 -
o -45.0deg. 11 0 • : 

YI Y2 " 

o - ------~tt ~.i- --.~!.;~. -.-. --
1!" It~ ~U" 

AA ••• 

(a) 

0.5~~~"~~~~oI~~~~~oI~~~,,~I~~ 

0.001 0.01 0.1 1 
Ymax (%) 

-l~======~orr~"-'~~m,,-,,,OT~',-,~~ 
• 0.0 deg. 
o 45.0 deg. 
• 67.5 deg. 
A 90.0 deg. 

-0.5 • -45.0deg. -

'-22.5de~ Y2 ~ t c· 
o -- ---- _t:-L J;j-O_____ ~ -~~~-~~------

IAII "'~ c.,~ ~ A 

.. I'.tip 
(b) 

0.5~~~,~I~~~.I~~~~.I~~~~,I~~ 

0.001 0.01 0.1 1 

X11ax (%) 

Figure 6. Change in plastic volumetric strain increment ratio 
with total shear strain. (a) Series 6, (b) Series 7. 
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Figure 7. Y l-Y3 surfaces in series 1 

In the selies 4, six specimens consolidated isotropically were 
pre-sheared along au =22.5deg. to 7illax=39kPa which is outside 
Y 3 yield surface obtained from the series 1. Then stress probing 
tests were carried out from A2. While, in the series 5, 6 speci
mens were sheared along au =67.5deg. to t max=30kPa, then 
stress probing tests from B2 were canied out. 

In the series 6, six specimens consolidated isotropically were 
pre-sheared along au =22.5deg. to Tmax=39kPa which is outside 
il~itial. Y3 surface, then unloaded to 7illax=30kPa along the same 
dIrectIOn, and then stress probing tests from A3 were carried out. 
In the series 7, six specimens consolidated isotropically were 
pre-sheared along au =67.5deg. to 7illax=30kPa, and unloaded to 
7inax=20 kPa then stress probing tests from B3 were carried out. 

Stress conditions in the test series 2 to 7 are summatized in 
Fig.4. 

3 DETERMINATION OF YIELD POINTS 

To desclibe the nonlinear features of soil, the multiple yield 
surface model proposed by Jardine (1992) was adapted to the 
shear charactelistics in p'-constant shear plane. It consists of 
three yield sutiaces V}, Yz and Y3. The Y3 yield locus repre
sents the large-scale yield surface, which is the same as the con
ventional yield surface. The sub-yield surfaces Y I and Y 2 are 
mobile with a stress point. The Y I surface is the linear elastic 
limit. It is observed in this study that the behavior is linear up 
to a shear strain of about 0.002%. Y 2 surface represents the 
commencement of rapid development in plastic strain. 

Fig.5 shows (a) the total strain increment, dXnax, against 
maximum shear strain, Xllax, relationship, and (b) plastic strain 
increment ratio, dXlla/1dXllax, against Xllax. It is seen that the total 
strain increment stm1s to develop rapidly at some point. This 
point was designated as Yz. As seen in Fig.5, both dXllax and 
dXlla/1dXllax start to increase rapidly with Xllax at a strain level of 
about 0.01%. Fig.6 shows the plastic volumetlic strain incre
ment ratio, d&vot/dXllax, against, dXllax' It is seen that the plastic 
volumetric strain starts to be induced at around Y 2 point. It cor
responds to the initiation of excess pore pressure generation in 
undrained shear. 

In Fig.5(b), it is also found that the plastic strain increment 
ratio converged between 0.8 and l.0. It represents that the sand 
completely yielded and strain increment became almost plastic 
in this strain level. TIle tuming point in this relationship was de
termined as Y3• The strain level at Y 3 yield was about 0.1 %. 
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Figure 8. Y1-Y3 surfaces in series 2 and 3 
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Figure 9. YI-Y3 surfaces in series 4 and 5 

4 YIELD SURF ACE 

Yield points obtained as above are plotted in p' -constant plane 
in Figs.7~10. 

The results from the selies 1 are summarized in Fig.7. In this 
test series, tests were not canied out in area of t e<O consider
in~ yielding character is symmetrical with respeZct t~ (Ciz-Cie)/2 
~XIS. It was observed that Y I and Y 2 loci were roughly circular 
111 shape without shifting one-side. It shows little anisotropy in 
Y I and Y2. While, Y3 surface was circular with the center 
shifted towards compression side ((Ciz-Cie)/2>0), that is, Y3 locus 
has inherent anisotropy. 

The plot of yield loci obtained from the series 2 and 3 are 
given in Fig.8. In these test selies, specimens were pre-sheared 
within initial Y 3 yield surface. The sub-yield loci Y I and Y 2 

moved with cutTent stress point and they were now elliptical in 
shape, com~ared to the circular shape in the test series 1. They 
tended to onent along the direction of sheating. It was observed 
that Y3 yield loci was approximately at the same place as that 
from the series 1, that is, Y 3 locus does not move with current 
stress point within initial Y 3 surface. 

The results from the test series 4 and 5 are shown in Fig.9. 
The same tendency as former selies was obtained about Y I and 
Y 2 loci, moving with current stress point and being elliptical in 
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shape orienting along the direction of sheming. On the other 
hand, Y 3 has grown in size and moved outward from the initial 
Y 3 surface. This indicates that the Y 3 surface is modified when 
it is intersected by the current stress point, and is not affected 
when the stress point is within the initial Y3 surface. This may 
be considered as hardening of conventional yield surface. 

The results from the test series 6 and 7 are shown in Fig. 10. 
Like former selies, Y I and Y 2 moved with the cun-ent stress 
point and were elliptical in shape and oriented along the direc
tion of shearing. Regarding the size, however, different ten
dency was observed. Y I was the same in size as the other test 
series, while the size of Y2 has grown by load-unload shear 
stress history. In these test series, the shearing was made up to 
1ze<0 region and Y 3 yield surface was drawn as closed curve. It 
can be seen that Y 3 locus was still symmetric with respect to 
(()z-()e)/2 axis. Their sizes were approximately the same as ex
tended Y 3 surface, or little bit smaller than that. This indicates 
that Y3 yield surface shows isotropic hardening by loading, but 
not softening by unloading. 

In Fig. 10, plastic strain increment vectors are also shown. 
Both stress and strain are shown in the same plane. The vectors 
show only the direction of plastic increment, not magnitude. It 
can be seen that the plastic strain increment vectors are normal 
to Y 3 yield surface while not to Y 2. This indicates that Y 3 yield 
surface and plastic potential coincide with each other, that is, 
associated flow rule. 
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Figure 1O(b). Yl~Y3 surfaces in series 7 

5 CONCLUSIONS 

The yielding behavior was characterized, especially at very 
small strain level, by introducing two sub yield surfaces Y I and 
Y 2 inside the conventional large-scale yield surface, Y 3. The 
characteristics of these three yield surfaces were obtained as fol
lows: 

1. Y I yield surface is mobile with CutTent stress state point. It 
changes the shape into elliptical as it moves to anisotropic stress 
state. Its size does not change. 

2. Like Y I yield surface, Y 2 yield surface is mobile with the 
current stress state point and changes the shape into elliptical as 
it moves to anisotropic stress state. It becomes larger after the 
loading-unloading stress history. 

3. Y 3 yield surface is comparatively immobile. It stays 
around the isotropic stress state point. It becomes larger when it 
intersected by the CUlTent stress point. It shows isotropic hard
ening. 

4. The direction of the plastic shear strain increment vector is 
not normal to Y 2, but it becomes normal to Y 3 for the further 
shearing. Therefore, associated flow rule can be applied to Y 3. 
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