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Abstract. Description logics of the DL-Lite family are widely
used in knowledge representation because of their low computational
complexity and rather good expressivity sufficient to capture impor-
tant conceptual modelling constructs and the OWL2 QL profile of
the Ontology Web Language (OWL). Recently, various point-based
temporal extensions of DL-Lite have been investigated. Here, we
propose to extend DL-Lite with fragments of Halpern and Shoham’s
interval logic of Allen’s relations (HS). We formally define such ex-
tensions and show how they can be successfully used in knowledge
representation. In the quest for a decidable logic, we discuss the chal-
langes in combining decidable fragments of HS with DL-Lite .

1 INTRODUCTION

The name DL-Lite identifies a family of description logics (DLs)
characterized by a nice computational behaviour combined with a
relatively high expressive power [1, 7]. DL-Lite is the basis of the
OWL 2 QL language (a W3C standard) and is able to capture con-
ceptual modeling formalisms like UML class diagrams and ER dia-
grams. We focus our attention to the supremum (w.r.t. the expressive
power) formalism, namely, DL-LiteHN

bool , where the sub-script bool
stands for full Boolean operators and HN indicates that number re-
strictions and role inclusions are fully available. A comprehensive
survey of the DL-Lite family of languages and their computational
properties and applications can be found in [1].

Temporal extensions of DLs have been extensively studied in the
literature [2,4,8,10]. In particular, logics of the DL-Lite family have
been combined with a variety of point-based temporal logics ranging
from Future and Past LTL to full LTL with Since and Until [3]. Dif-
ferent logics, generically denoted by TTLDL-Lite, have been inves-
tigated, which are characterized by the following parameters: (i) the
fragment of LTL to be used, (ii) the fragment of DL-Lite taken as the
basis for the extension, and (iii) whether roles can be temporalized
or not. Complexities of the different logics range from NLOGSPACE

to undecidable (in particular, when roles can be temporalized or role
inclusions and number restrictions can interact without constraints).

In this paper, we propose interval-based extensions of DL-Lite
based on fragments of Halpern and Shoham’s logic HS [9]. Propo-
sitional HS encompasses a modality 〈X〉 for each Allen relation
depicted in Fig. 1 plus all their transposes (denoted as 〈X〉), giving
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Figure 1. Allen’s interval relations and HS modalities.

rise to a very expressive multi-modal logic. We make the following
assumptions: (i) we take Z as the temporal domain; (ii) we consider
only HS fragments that can express the so-called length constraints;
(iii) we distinguish between rigid roles, that is, roles that are time-
invariant, and flexible roles, but we do not allow the computationally-
expensive temporalised roles. All logics studied here can be consid-
ered as fragments of the combination of DL-LiteHN

bool and HS, that
is, THSDL-LiteHN

bool . Since HS is undecidable over Z, it easily fol-
lows that THSDL-LiteHN

bool is undecidable as well. However, a num-
ber of recent results show that various fragments of HS offer a good
balance between expressiveness and decidability/complexity [5, 6],
suggesting that we can weaken the temporal part by considering de-
cidable fragments of HS such as ABBL and metric AA (denoted by
MPNL), without sacrificing expressiveness too much.

2 THE LANGUAGE THSDL-LiteHN
bool

The logic THSDL-LiteHN
bool can describe concepts denoting set of

individuals possibly changing over time intervals. The syntax of
the language can be naturally obtained from the two components
DL-LiteHN

bool and HS, and it contains object names a0, a1, . . ., con-
cept names A0, A1, . . ., flexible role names P0, P1, . . ., and rigid
role names G0, G1, . . . Role names S, roles R, basic concepts B,
and concepts C are formed by the following grammar:

S ::= Pk | Gk R ::= S | S−

B ::= ⊥ | Ak | ≥ q R C ::= B | ¬C | C1 � C2 | 〈Xk〉C

where 〈Xk〉 is one of the HS-modalities. A TBox T is a finite
set of concept and role inclusions of the form: C1 � C2 and
R1 � R2. An ABox is a finite set of statements of the fol-
lowing form: Ak(am, [i, j]) (i.e., ‘Ak(am) holds on the interval
[i, j]’), ¬Ak(am, [i, j]), Sk(am, an, [i, j]), and ¬Sk(am, an, [i, j]).
A THSDL-LiteHN

bool KB is a pair K = (T ,A). A temporal inter-
pretation is a pair I = (ΔI , ·I([i,j])), where ΔI is a non empty
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Figure 2. The conceptual data model of the medical example.

domain and I([i, j]) is a standard DL interpretation for each in-
terval [i, j] ∈ I(Z). We assume that rigid role names and object
names have a time-invariant interpretation, i.e., GI ⊆ ΔI × ΔI

and aI ∈ ΔI . The interpretation of flexible role names P I([i,j])

and concept names AI([i,j]) ⊆ ΔI depends on the interval [i, j]
of evaluation. We interpret temporal concepts as: (〈Xk〉C)I([i,j]) =
⋃

[i,j]rXk
[i′,j′] C

I([i′,j′]), where rXk is the Allen’s relation that cor-

responds to the modality 〈Xk〉. Members of the TBox are interpreted
globally: I � C1 � C2 iff CI([i,j])

1 ⊆ C
I([i,j])
2 , for all [i, j] ∈

I(Z) (similarly for role axioms), while ABox is interpreted locally.

3 A MOTIVATING EXAMPLE

The example of Fig. 2 represents a part of a medical information
system. The ER diagram represents an entity DrugAdmin that is
prescribed by some Physician to some Patient. A DrugAdmin con-
sists of the administration of some Drug. We can model the diagram
in THSDL-LiteHN

bool by considering DrugAdmin, Physician, Patient,
and Drug as concept names, and Prescribes, Receives, and Admin-
istrates as role names. All atemporal constraints can be encoded in
DL-Lite , e.g., cardinality constraints such as ‘a drug administration
is prescribed by exactly one physician’ can be expressed with axioms
(1). The fact that Physician and Drug are time-invariant entities—
i.e., global entities holding at every interval—is represented with the
timestamp G (standing for global) and is enforced by using the global
temporal operator [G] (which can be expressed by various HS frag-
ments) and the corresponding axioms (2). Time-varying entities are
represented by marking them with the timestamp IT with the mean-
ing that they have a limited life-span. The fact that DrugAdmin is
time-varying can be captured using axiom (3). Moreover, the inter-
val modalities of HS allow us to express complex relations between
the lifespan of time-varying concepts. For instance, we can introduce
the concept Therapy as an event made of drug admnistration sub-
events using axiom (4), and we can force ‘drug administrations not
to overlap inside the same therapy’ with axiom (5). The above ex-
ample makes use of HS modalities that belong to fragments which
are not always decidable. Under reasonable assumptions, such as,
for example, ‘a therapy is always shorter than k time units’, we can
rewrite the above formulas using only the interval modalities of the
decidable fragments MPNL or ABBL.

4 DISCUSSION AND FUTURE WORK

From the decidability point of view, we already know that proposi-
tional HS is undecidable. Therefore, we restrict our attention to com-
binations DL-Lite with decidable fragments of HS, such as ABBL
or MPNL. In analogy to [3], where the combination of DL-Lite with
Linear Temporal Logic (LTL) over Z was studied, one can show
that a THSDL-LiteHN

bool KB K can be encoded as an equi-satisfiable
formula K† of the first-order HS language that uses unary predi-
cates only. The key point of such an encoding is to use predicates
EqS(x) and EqS

−(x) encoding, respectively, the concepts ≥ q S
and ≥ q S− occurring in K, and an axiom [G](∃xE1S(x) ↔
∃xE1S

−(x)). In LTL extensions, it is possible to further encode K†

into an equi-satisfiable propositional (LTL-)formula K‡. In fact, the
only axiom of K† not purely universal is the above one, and it can
be “skolemized” by introducing “witnesses” dS− and dS such that
dS− makes the predicate ES− true at time 0 whenever ES is true
on some object at some time (similarly for dS). A similar reduction
to a decidable fragment F of HS, which would allow us to prove the
decidability of the fragment TFDL-LiteHN

bool , does not work. Indeed,
we cannot “skolemize” K† by using finitely many witnesses because
ES may hold on intervals of various lengths, and it is not possible to
use a witness of a fixed length, say n, as a witness of length n + 1
or n − 1. This problem is intrinsic to interval-based temporal logics
and did not occur in the point-based case.

As for future work, we will investigate the decidability problem
for those THSDL-LiteHN

bool fragments based on decidable fragments
of HS. We will also study so-called sub-Boolean fragments of these
languages, in the quest for tractable combinations of DL-Lite with
fragments of HS. Such low complexity sub-Boolean languages have
been recently identified for LTL extensions of DL-Lite [3].
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