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ABSTRACT

The paper deals with the at-rest earth pressure coefficient K,y and Poisson’s ratio v prediction for normally consolidated soils based
on the connection between the effective friction angle ¢”and its mobilized proportion ¢7,, in the process of one-dimensional
compression. After considering the existing correlations between these two parameters, the comparison with experimental data leads
to both the validation of the existing theoretical Ko equation coming from the BRICK model and the proposal of an equivalent
empirical Koy equation, derived without any assumptions. The same connection between ¢”and ¢, leads to interesting correlations,
one theoretical and one empirical, between ¢”and v for normally consolidated soils. No laboratory data in terms of pairs (¢%V) have
been found at all in literature, and, therefore, experimental validation of these correlations is necessary.

RESUME
Cet article concerne la prévision du coefficient de pression des terres au repos Koy ainsi que du coefficient de Poisson v pour des sols
normalement consolidés sur la base du lien entre 1’angle de frottement effectif ¢”et son aliquote mobilisée ¢, dans le procés de
compression monodimensionnelle. Apres avoir considéré le lien qui existe entre ces deux parametres, la comparaison avec les
données expérimentales nous conduit a la validation de I’équation théorique de Ky dérivée du modele BRICK et a la proposition
d’une équation empirique équivalente obtenue sans aucune hypothése. Le méme lien entre ¢’et @/, nous conduit a d’intéressantes
corrélations - I’une théorique, 1’autre empirique - entre ¢”et v pour des sols normalement consolidés. On n’a pas repéré de données
expérimentales (¢ V) en littérature, ¢’est pourquoi il faut valider ces corrélations d’un point de vue expérimental.
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1 INTRODUCTION

The at-rest earth pressure coefficient K,, i.e. the ratio o7 /07
between the horizontal and the vertical effective geostatic
stresses at a point in a semi-infinite soil mass bounded by a
horizontal plane, is a fundamental parameter in soil mechanics.

For normally consolidated soils, where K, (=Koc) represents
a measure of the gravity force transmitted in the horizontal
direction, it can be estimated through empirical (e.g. Brooker
and Ireland 1965; Alpan 1967; Yamaguchi 1972; Massarsch
1979; etc...) or theoretical expressions (e.g. Jaky 1944; Rowe
1958; Hendron 1963; Burland and Roscoe 1968; Burland and
Federico 1999). However, the most famous and used expression
is a simplified form of the Jaky’s equation, i.e. Koy=1-sing”
(Jaky 1948).

In the mentioned expressions, the stress ratio Kope is
appropriately expressed, as a rule, as a function of the effective
friction angle @7 i.e. of the ultimate or failure stress condition.
Anyway, since this ratio represents stress conditions well below
failure, another appropriate measure of the above-said
conditions can be, in principle, the mobilized friction angle
(@) at this stress state.

As regards the Poisson’s ratio Vv, i.e. the ratio of the
horizontal (&) to the vertical strain (&), although this elastic
parameter may be readily obtained from tables for most
materials, for soils it is somehow problematic. In fact, the
experimental results in this regard vary widely and are rather
inconclusive (Cernica 1982). Fortunately, the value of v - which
is also stress dependent, although with not great variation - has
a relatively small effect upon engineering predictions (Lambe
and Whitman 1969). Anyway, according to theory of elasticity,
the coefficient of earth pressure at-rest K, depends solely on the

value of the Poisson’s ratio Vv, ie. K=0% /07=v/I(1-V), so
relationships can be indirectly established between the strength
properties (namely: the effective friction angle ¢) and the
Poisson’s ratio. The existing relationships found in the
literature, few and empirical, are shown in the APPENDIX.

In the first part of the note, the available expressions of the
mobilized friction angle ¢/, during one-dimensional
compression of soils are critically reviewed and validated with
experimental data from literature. Thus, the predictive
capabilities of Ky equations expressed as a function of ¢, are
assessed and compared with the Jaky’s one.

Following the results obtained expressing Ko in terms of
@, a theoretical and an empirical equation of Poisson’s ratio v
as a function of ¢”are derived in the final part of the paper.

2 MOBILIZED FRICTION ANGLE DURING ONE-
DIMENSIONAL COMPRESSION

During one-dimensional virgin compression of a soil, the
effective stress ratio o7, /0", developed as the vertical load is
increased, is constant and equal to K. The Mohr’s circles of
stress drawn for each load increment are all tangent to a straight
line (Figure 1), whose inclination angle is of course smaller than
the (peak) friction angle ¢’ of the soil. This inclination angle
represents the mobilized friction angle ¢7,, in the process of
one-dimensional compression.

Note that the proper meaning of the ratio between ¢/, and @
is that of a mobilization factor rather than a safety factor.

Using the obliquity relations for the geometry of the Mohr’s
circle, the at-rest coefficient of earth pressure K, (=Koc) can be
geometrically related to the mobilized friction angle @7,
through the expression:

’
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Figure 1. Mohr circles of stress for soils at failure and under one-
dimensional loading conditions.

Equation (1) was originally introduced by Terzaghi (1923)
and then discussed by Rowe (1954 and 1957). Although the
mobilized friction angle ¢7,, in one-dimensional compression
cannot be directly measured, it can be correlated with the
effective friction angle ¢”of soils. Some correlations between
@70 and ¢”have been found in the literature.

Abdelhamid and Krizek (1976) correlated the Hvorslev
angle of true friction ¢ - assumed, according to Rowe (1957),
equal to the mobilized friction angle ¢7,, - with the friction
angle ¢’ obtaining:

¢, =0 =115(¢'-9°) )

Equating the values of Ky coming from Jaky’s (1948)
simplified expression (Kowc=1-sing) to Equation (1), Bolton
(1991) found:

¢, =¢ —11.5° 3)

for ¢’varying in the range 30° to 45°.
Using data collected from literature and relevant to sands of
different relative density, Hayat (1992) found:

¢, =067¢ )

Finally, a remarkable expression for ¢, is provided by
Simpson (1992) using the BRICK model for the description of
cohesive soil behaviour. The mobilized friction angle
theoretically predicted by this advanced constitutive model
during one-dimensional consolidation is:

sing’ —Lsinqﬁ' (5a)

mob
N2

In the range 20°~35°, this theoretical equation can be
rewritten as:
¢' ., =0.699" (5b)
quite similar to Equation (4).

The connection between ¢ and ¢7,, leads to interesting
correlations Ko - ¢”and to an even more interesting theoretical

link between the Poisson’s ratio v of a soil and its effective
friction angle ¢’ as discussed in the following.

3 EXPERIMENTAL VALIDATION OF THE MOBILIZED
FRICTION ANGLE EXPRESSIONS

A number of experimental data of Ky and ¢’ some of them
rather “old”, have been found in the literature. These data,

reported by Federico er al. (2008), are relative mainly to
reconstituted samples and have been obtained through a variety
of experimental techniques characterized by different precision,
especially as regards the control of the condition £=0 during the
consolidation phase. The Ky values have been substituted into
Equation (1) and the derived mobilized friction angles ¢7,, have
been plotted against the corresponding experimental friction
angles ¢’ as illustrated in Figure 2.
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Figure 2. Correlation between ¢7,,, and ¢

The predictions of Equations (2), (3), (4) and (5a) have been
reported in the same figure: the poor reliability of Equations (2)
and (3) is evident, while the @7, values theoretically predicted
by Simpson’s model are very close to the experimental data.

Nevertheless, a little better correlation between ¢, and @”is
given by:

¢, =0.64¢" (6)

It is worth to note that Equation (6), as well as Equations (4)
and (5b), are not significantly dissimilar from ¢7,,=(2/3)¢".

The results shown in Figure 2 represent an experimental
validation of the BRICK model predictions, although the use of
the empirical Equation (6) gives slightly better results and does
not require any theoretical assumptions in terms of soil
behaviour.

Consequently, also the theoretical Ko equation obtained by
Simpson (l.c.) substituting Equation (5a), coming from the
BRICK model, into Equation (1), i.e.:

1 7
1——=sing
Ko=)
1+ ——sing’

V2

is validated. Anyway, being Equation (6) characterized by a
slightly better statistical correlation with the experimental data,
the corresponding K,y empirical expression, i.e.:

1-sin0.64¢
SR Lt LA A
1+sin0.64¢

can be preferable from the practical point of view. Note that this
empirical equation has been derived - as already said - without
any assumptions.

The predictive capabilities of the above mentioned Ko
equations, along with the one of Jaky, have been checked
through the comparison between predicted and measured
values. The comparison results are summarized in Table 1.

That the Jaky’s equation predicts Ko quite well is
surprising, since this equation was derived using questionable
theoretical assumptions (Michalowski 2005).
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Table 1. Comparison among pairs (R, s,) relative to different Koy
equations.

Coefficient Standard
of determination, R’ deviation, s,
Jaky (1948) 0.81 0.11
Simpson (1992) 0.74 0.09
Proposed Eq. (8) 0.82 0.08

4 CORRELATIONS FOR POISSON’S RATIO

The Poisson’s ratio v is defined as the ratio between the radial
and the axial strain in an elastic material loaded uniaxially.
More generally, it is the ratio between the strain in one
coordinate direction (due to a stress in that direction) and the
strain caused in the other coordinate directions by the same
stress (Somerville and Paul 1983). Given the link between K,
and v in the theory of elasticity, the Poisson’s ratio can be
empirically correlated to the effective friction angle ¢”equating
the Jaky’s Ky simplified expression to the at-rest pressure
coefficient for elastic materials (e.g. Dysli 2001), i.e.:

|—sing'
K, =l-sing'=—Y— = y=1250
: 1-v 2-sing'

As discussed in the previous section, it is more appropriate
to relate Ko to the mobilized friction angle ¢7,, through
Equation (1). Therefore, adopting the same approach leading to
Equation (9), it is possible to obtain a more general expression
of the Poisson’s ratio:

1-sing’ v 1-sing’
e =T t=——" > v=—-—22 (10
l1+sing,, 1-v 2

In particular, using Equation (5a) for the mobilized angle of
friction, a theoretical equation for vresults, i.e.:

1 7
l-—=sing
v=— 2

whereas, using Equation (6), an equivalent empirical equation
for vis obtained, i.e.:

V= 1—sin(0.64¢)
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Figure 3. Poisson’s ratio predictions as a function of ¢”compared with
“experimental” data.

No data sets in terms of pairs (¢’V) have been found in the
literature so far. However, some experimental data of v were

obtained by Wroth (1975) for several lightly overconsolidated
soils and plotted against the corresponding plasticity index 7.
The related ¢~ angles have been obtained using the empirical
correlation (Muir Wood 1990) between I, and ¢ i.e.
sing=0.35-0.11n/,, although the considerable scatter around the
average line in this correlation gives the obtained ¢”values the
character of very rough estimates only.

Nevertheless, the trend of these ¢”values plotted versus the
experimental v data is shown in Figure 3, where the predictions
by Equations (9), (11) and (12) are also shown for comparison.

5 CONCLUSIONS

The link between the effective friction angle ¢~ and its
mobilized proportion ¢7,, in the process of one-dimensional
compression has been used for the prediction of the at-rest earth
pressure coefficient and Poisson’s ratio of normally
consolidated soils. In the first part of the note, a brief review of
the existing correlations between @7, and ¢’ whose ratio has
the meaning of a mobilization rather than a safety factor, has
been presented. The comparison with experimental data has led
to the validation of the theoretical K equation coming from
the BRICK model developed by Simpson (1992) and to the
proposal of an equivalent empirical Ko expression. The latter,
derived without any assumptions, allows slightly better
predictions.

The same connection between ¢” and ¢7,, has allowed to
derive two interesting correlations, one theoretical and one
empirical, between the Poisson’s ratio v of a normally
consolidated soil and its friction angle ¢~ As no laboratory data
sets in terms of pairs (¢’V) have been found in the literature, an
experimental validation of the link between v and ¢~ is
necessary.
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APPENDIX

Differently from K,, very little information is available in the
literature for correlation studies with Poisson’s ratio v.

With reference to granular soils, Trautmann and Kulhawy
(1987) suggested the following approximated relationship:

v=0.1+0.3¢, (13)
with:

8, =(¢-25°)/(45°-25°) and 0<g, <1 (14)

¢. being a relative friction angle convenient to use for
approximating the soil density state.

An alternative approach using a hyperbolic model for the
initial tangent Poisson’s ratio is described by Kulhawy et al.
(1969).

Duncan et al. (1991) proposed the relationship:

V:4—3s%n¢ (5)
8—4sing’

valid for a compacted fill only, assuming that the stress state of
the soil in this particular state is half-way between an at-rest
condition and failure.
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