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c ←
a1, . . . , an, not b1, . . . , not bm c, ai(1 ≤ i ≤ n), bj(1 ≤
j ≤ m) not

r head(r) =
c body(r) = {a1, · · · , an, b1, · · · , bm}
body+(r) = {a1, · · · , an}

body−(r) = {b1, · · · , bm}
body(r) = body+(r) ∪ body−(r)

r+ head(r) ← body+(r) r
r

X Π
r ∈ Π head(r) ∈ X body(r) ⊆ X

Π CN(Π)
ΠX

Π X
ΠX = {r+ | r ∈ Π and body−(r) ∩ X = ∅}

X Π CN(ΠX) = X

•

#domain possible(X) possible(1..n)
X 1 n

•
short(X) ← size(Y ), X < Y

X Y X < Y
•

h ← k {a1, . . . , an} l
k l

{a1, . . . , an}
•

minimize{.} maximize{.}
minimize{a1, · · · , an}

{a1, · · · , an}

P

Ψ = {ϕ1, . . . , ϕn} ϕ1� . . .�
ϕn

ϕ1 � . . .�
ϕn

Ψ = {ϕ1, . . . , ϕn}
ϕ1 � . . . � ϕn X ⊆ ϕ1 � . . . � ϕn

Ψ (ϕ1 � . . .�ϕn)\X

P
P ≤P

X ≤P Y X Y
P

<P

Ψ = {ϕ1, . . . , ϕn}
ϕ1�. . .�ϕn X ⊆ ϕ1�. . .�ϕn

Ψ P X
Ψ Y ⊆ ϕ1 � . . . � ϕn Y <P X

FPR(Ψ) Ψ
P

Ψ = {ϕ1, . . . , ϕn}
ΔP (Ψ)

ΔP (Ψ) =
W

X∈F R(Ψ){Cn((ϕ1 � . . . � ϕn)\X)}
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Card,Σ, Max,GMax

GMax X
ϕi pi(X) = |X∩ϕi|

LΨ
X (pi(X))1≤i≤n

≤lex

P X ≤P Y

Card |X| ≤ |Y |
Σ Σ1≤i≤n | X ∩ ϕi |≤ Σ1≤i≤n|Y ∩ ϕi|
Max max1≤i≤n | X ∩ ϕi |≤ max1≤i≤n | Y ∩ ϕi|

GMax LΨ
X ≤lex LΨ

Y

Ψ = {ϕ1, ϕ2, ϕ3} ϕ1 =
{a ∨ b, b} ϕ2 = {a ↔ b,¬b} ϕ3 = {¬a ∧ ¬b,¬a ∨ ¬b}

FΣR(Ψ) = {{a∨b, b}} ΔΣ(Ψ) = Cn(a ↔ b,¬b,¬a∧¬b,¬a∨
¬b)

FMaxR(Ψ) = {{b, a ↔ b,¬a ∧ ¬b}} ΔMax(Ψ) = Cn(a ∨

b,¬b,¬a ∨ ¬b)

ΠΨ P
ΠΨ P Ψ

P

Ψ = {ϕ1, . . . , ϕn}
s(Ψ) Ψ

f, f1, . . . , fn

ϕi

ΠΨ V + V −

R+ = {ri
f |f ∈ ϕi}

ρf f j

f ∈ ϕi F0(r
i
f ) ϕi

ri
f ΠΨ ∀ri

f ∈ R+, F0(r
i
f ) = f

a ∈ V +

a ← a′ a′ ← a
V +

ΠΨ

ri
f

f
∀f ∈ ϕi

f

• f ≡ a ri
f ← not a

• f ≡ ¬f1 ri
f ← not ρf1

3 a → b ¬a∨b a ↔ b (a∧b)∨(¬a∧¬b)
fj ≡ a ρf

a

• f ≡ f1 ∨ . . . ∨ f j ri
f ←

ρf1 , . . . , ρf

• f ≡ f1∧. . .∧f j ri
f ← ρf1

. . . , ri
f ← ρf

ΠΨ

ρ1 = ρa∧b ρ2 = ρ¬a∧¬b

a ← not a′ a′ ← not a b ← not b′

b′ ← not b c ← not c′ c′ ← not c
r1
a∨b

← not a, not b r1
b
← not b r2

a↔b
← ρ1, ρ2

ρ1 ← not a ρ1 ← not b ρ2 ← a
ρ2 ← b r2

¬b
← b r3

¬a∧¬b
← a

r3
¬a∧¬b

← b r3
¬a∨¬b

← a, b

P

ΠΨ S S′

ΠΨ S ΠΨ

P S ΠΨ

∀S′ ⊆ ΠΨ S′ S P

IS

S ∩ V + IS = {a | a ∈ S} ∪
{¬a | a′ ∈ S}

Ψ = {ϕ1, . . . , ϕn}
S S ΠΨ S

IS V +

(ϕ1 � . . . � ϕn)\F0(S ∩ R+)

ΠΨ Ψ
Card Σ Max

X ⊆ (ϕ1 � . . .�ϕn) X
(ϕ1 � . . . � ϕn) P

ΠΨ P F0(S ∩ R+) = X
Card Σ Max

ΠΨ

ΠΨ

{a′, b′, ρ1, r
1
a∨b, r

1
b} {a′, b, ρ1, ρ2, r

2
¬b, r

2
a↔b, r

3
¬a∧¬b}

{a, b′, ρ1, ρ2, r
1
b , r2

a↔b, r
3
¬a∧¬b} {a, b, ρ2, r

2
¬b, r

3
¬a∧¬b, r

3
¬a∨¬b}

Max
{a, b′, ρ1, ρ2, r

1
b , r2

a↔b, r
3
¬a∧¬b}

Σ {a′, b′, ρ1, r
1
a∨b, r

1
b}

Ψ Max Σ

minimize
ΠΨ

Σ ΠΣ
Ψ = minimize{ri

f | ri
f ∈ R+} ∪ ΠΨ

Σ ΠΣ
Ψ

ΠΨ Σ
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Card ΠCard
Ψ = minimize{ri

f | ri
f ∈

R+} ∪ Ps(Ψ)

Card ΠCard
Ψ

ΠΨ Card

Σ Card

Max minimize{}
S

max1≤i≤n(|{ri
f |r

i
f ∈ S}|) S

minimize{}
Max

Ψ S

Πsize
Ψ =

8>>><
>>>:

δ0 : #domain possible(U).
δ1 : #domain base(V ).
δ2 : possible(1..m).
δ3 : base(1..n).
α : size(U) ← U{rV

f
|F0(f) ∈ ϕV }U.

9>>>=
>>>;

m δi

α ϕV

rV
f S U

size(U) S U size(U)

Πbound
Ψ

Πbound
Ψ =

(
δ4 : #domain possible(W ).
β1 : negmax(W ) ← size(U), U > W.
β2 : max(U) ← size(U), not negmax(U).

)

β1 W U > W
size(U) max(U) U

size(U)
Max ΠMax

Ψ = Πsize
Ψ ∪ Πbound

Ψ ∪ ΠΨ ∪
minimize[max(1) = 1, . . . , max(m) = m]

Max ΠMax
Ψ

ΠΨ Max

Max
O(m × n)

GMax
|X ∩ ϕi|

Π
size

Ψ = { γ1 : size(V,U) ← U {rem(V, 1), . . . , rem(V, m)} U. }

m ϕV

γ1 ϕV U

Π
bound

Ψ =

8>>>>>>>><
>>>>>>>>:

α0 : max(X1, . . . , Xn) ← size(Y1, X1), . . . ,
size(Yn, Xn), X1 >= X2, . . . ,
Xn−1 >= Xn, neq(Y1, . . . , Yn).

α1 : max1(X1) ← max(X1, . . . , Xn)
, X1 >= X2, . . . , Xn−1 >= Xn.

αi : . . .
αn : max3(X3) ← max(X1, . . . , Xn),

X1 >= X2, . . . , Xn−1 >= Xn.

9>>>>>>>>=
>>>>>>>>;

X1 size() Xn

minimize[]
Xn +Xn−1×m+ . . .+X1×mn−1

GMax ΠGMax
Ψ = Π

size

Ψ ∪ Π
bound

Ψ ∪
ΠΨ ∪ minimize[maxn(1) = 1, maxn(2) = 2, . . . , maxi(1) =
mn−i, maxi(2) = 2 × mn−i, . . . , max1(n) = n × mn−1].

GMax ΠGMax
Ψ

ΠΨ GMax

GMax
O(mn × nn)

Σ Max

Σ

Max

(na)
(nf)
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Σ Max

(nf)/(na)

Card Σ Max GMax

minimize

12th

J. Hué et al. / Removed Sets Fusion: Performing off the Shelf98


