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Abstract. Least Common Subsumers in Description Logics have
shown their usefulness for discovering commonalities among all con-
cepts of a collection. Several applications are nevertheless focused on
searching for properties shared by significant portions of a collection
rather than by the collection as a whole. Actually, this is an issue we
faced in a real case scenario that provided initial motivation for this
study, namely the process of Core Competence extraction in knowl-
edge intensive companies. The paper defines four reasoning services
for the identification of meaningful common subsumers describing
partial commonalities in a collection. In particular Common Sub-
sumers adding informative content to the Least Common Subsumer
are investigated, with reference to different DLs.

1 Introduction

Least Common Subsumers(LCSs) were originally proposed by Co-
hen, Borgida and Hirsh [5] as novel reasoning service for the De-
scription Logic underlying Classic [4]. By definition, for a collection
of concept descriptions, their LCS represents the most specific con-
cept description subsuming all of the elements of the collection. The
usefulness of such inference task has been shown in several appli-
cation classes, varying from learning from examples [6, 7, 10], to
similarity-based Information Retrieval [12, 13] and bottom-up con-
struction of knowledge bases [1].

Nevertheless, there are some problems where the computation of
LCS does not provide solutions. The LCS in fact intuitively repre-
sents properties shared by all the elements of a given collection. In
several applications, instead, such a sharing is not required to be full:
in other words we could be interested in finding a concept descrip-
tion subsuming a portion of the elements in the collection. Different
perspectives on the introduced problem may be taken: if the LCS of
the collection is the universal concept, we can determine the con-
cept description subsuming a number m of concept descriptions in
the collection, where m is the maximum cardinality of subsets of the
collection for which a common subsumer non-equivalent to the uni-
versal concept exists. We give the name Best Common Subsumer to
such a concept description, in analogy with LCS. Alternatively, we
could be interested in determining a concept description subsuming
at least k elements in the collection, where k is a threshold value
established a priori on the basis of a decisional process dependent
on the application domain. We give such a different concept descrip-
tion the name k-Common Subsumer (k-CS). In particular, the search
should revert on those k-CSs adding informative content to LCS: we
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call Informative k-Common Subsumer (IkCS) a k-CS more specific
than the LCS of the collection. We here define the k-CS, the IkCS, the
BCS and one more specific service (Best Informative Common Sub-
sumer) and give some computation results in different DLs, namely
ALN , EL and ALE .

2 Definitions

The definition of the four novel services relies on Least Common
Subsumer definition, which we recall in the following.

Definition 1 (LCS, [7]) Let C1, . . . , Cn be n concepts in a DL L.
An LCS of C1, . . . , Cn, denoted by LCS(C1, . . . , Cn), is a concept
E in L such that the following conditions hold:(i) Ci � E for i =
1, . . . , n; (ii) E is the least L-concept satisfying (i),i.e., , if E′ is an
L-concept satisfying Ci � E′ for all i = 1, . . . , n, then E � E′.

We define in the following a new concept, which represents the
commonalities of k concepts out of the n in a collection of DL con-
cepts.

Definition 2 (k-CS) Let C1, . . . , Cn be n concepts in a DL L, and
let be k < n. A k-Common Subsumer (k-CS) of C1, . . . , Cn is a
concept D such that D is an LCS of k concepts among C1, . . . , Cn.

Among k-Common Subsumers we distinguish concepts adding in-
formative content to the LCS of the investigated collection.

Definition 3 (IkCS) Let C1, . . . , Cn be n concepts in a DL L,
and let k < n. An Informative k-Common Subsumer (IkCS) of
C1, . . . , Cn is a k-CS E such that E is strictly subsumed by
LCS(C1, . . . , Cn).

Some Informative k-Common Subsumers are peculiar for subsum-
ing the maximum number of concepts in the collection, with such a
maximum less than the cardinality n of the collection. We therefore
define in what follows:

Definition 4 (BICS) Let C1, . . . , Cn be n concepts in a DL L. A
Best Informative Common Subsumer (BICS) of C1, . . . , Cn is a con-
cept B such that B is an Informative k-CS for C1, . . . , Cn, and for
every k < j ≤ n every j-CS is not informative.

For collections whose LCS is equivalent to the universal concept the
following definition makes also sense:

Definition 5 (BCS) Let C1, . . . , Cn be n concepts in a DL L. A Best
Common Subsumer (BCS) of C1, . . . , Cn is a concept S such that S
is a k-CS for C1, . . . , Cn, and for every k < j ≤ n every j-CS ≡ �.

Proposition 1 If LCS(C1, . . . , Cn) ≡ �, every BCS is a BICS.
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Even though the services defined above may appear quite similar to
each other at a first sight, it has to be underlined that they deal with
different problems:
k-CS: can be computed for every collection of elements and finds
least common subsumers of k elements among the n belonging to
the collection;
IkCS: describes those k-CSs adding an informative content to the one
provided by LCS, i.e., more specific than LCS. Observe that IkCS
does not exist when every subset of k concepts has the same LCS as
the one of all C1, . . . , Cn;
BICS: describes IkCSs subsuming h concepts, such that h is the
maximum cardinality of subsets of the collection for which an IkCS
exists. A BICS does not exist if and only if Ci ≡ Cj for all
i, j = 1, . . . , n;
BCS: may be computed only for collections admitting only LCS
equivalent to the universal concept; it finds k-CSs such that k is the
maximum cardinality of subsets of the collection for which an LCS
not equivalent to � exists.

3 Computation

The complexity of computing the common subsumers defined in Sec-
tion 2 depends on the specific DL in which the collection is repre-
sented. We will therefore separate the results for three different DLs
in the following. Nevertheless, some results are common to every
DL, like the following theorem, which deals with the cardinality of
the set of k-CSs, given a collection of concepts in a DL L.

Theorem 1 For some sets of n concepts C1, . . . , Cn in a DL L, and
for some k < n, there are exponentially many kCS of C1, . . . , Cn.

The following theorem, instead, focuses on the complexity for find-
ing a BCS w.r.t. to the one for computing an LCS.

Theorem 2 Let m be the sum of the sizes of C1, . . . , Cn. Then find-
ing a BCS of C1, . . . , Cn amounts to the computation of O(m2) sub-
sumption tests in L, plus the computation of one LCS.

Both theorems are proved in [8]. Hereafter, regardless of the DL em-
ployed for the representation of concepts, we will refer to the solution
sets for the introduced reasoning services by the names: B for the set
of BCSs, BI for the set of BICSs, Ik for the set of IkCSs, given
k < n and Lk for the set of k-CSs, given k < n. For a collection
of concept descriptions in ALN , an algorithm can be defined com-
puting the solution sets [8]. Complexity results for this algorithm are
claimed in the following theorem.

Theorem 3 Let C1, . . . , Cn, T be n concepts and a simple Tbox in
ALN , let m be the sum of the sizes of C1, . . . , Cn, and let S(s)
be a monotone function bounding the cost of deciding C �T D in
ALN , whose argument s is |C|+ |D|+ |T |. The computation of the
solution sets B, BI , Lk, Ik for a collection of concept descriptions
in ALN is then a problem in O(m2 + (S(m))2).

Baader et al. [2] showed that, by taking into account existential re-
striction, the n-ary LCS operation is exponential, even for the small
DL EL, and even shortening possible repetitions by using a TBox
[3]. The computation results for the determination of the solution
sets of a concept collection in EL and ALE are affected by results
for LCS:

Theorem 4 The computation of the solution sets B, BI , Lk, Ik for
a collection of concept descriptions in EL or ALE may be reduced
to the problem of computing the LCS of the subsets of the collection
and may then grow exponential in the size of the collection.

For computing Lk it is sufficient to compute for every subset
{i1, . . . , ik} ⊆ {1, . . . , n} the concept LCS(Ci1 , . . . , Cik). The
same holds for Ik, excluding those LCS(C1, . . . , Ck) which are
equivalent to LCS(C1, . . . , Cn). For the computation of the sets B
and BI , instead, an algorithm can be defined[8], based on the one
proposed by Kusters and Molitor [11] for LCS computation.

4 Conclusions

Motivated by a real-world application need —finding Core Compe-
tence in knowledge-intensive companies— we defined and investi-
gated novel reasoning services finding commonalities among por-
tions in a collection of concepts in ALN , EL and ALE . In all of the
three studied languages a computation algorithm has been designed.
The computation algorithm for ALN has been also implemented in
the framework of IMPAKT, a novel and optimized knowledge-based
system for competences and skills management[9], which will be re-
leased late this year by D.O.O.M. s.r.l.
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